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What do you picture when you hear “hydraulics”?

Figure: Industrial pipe network, https://www.steeljrv.com/

▷ Channel diameters ∼ meters, flow ∼ turbulent,
hard materials ∼ steel (E ∼ 100s GPa)

hard hydraulics

Figure: Microfluidic chip for chemical analysis,
https://darwin-microfluidics.com/

▷ Channel diameters ∼ 100s µm, flow ∼ laminar,
soft materials ∼ PDMS (a gel, E ∼ 1 MPa)

soft hydraulics
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Soft hydraulics ¬ [blank]-on-a-chip

Artificial vasculature with pressure-responsive microfluidics
(Chen et al., Adv. Healthcare Mater., 2024)

Organ-level lung functions on a chip (Huh et al., Science, 2010)

Microfluidic large-scale integration
(Thorsen, Maerkl & Quake, Science, 2002)
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Soft hydraulics ¬ microrheometry
Exploiting channel compliance to measure the viscosity of gases:

2806 | Lab Chip, 2021, 21, 2805–2811 This journal is © The Royal Society of Chemistry 2021

as rotational viscometers whereas liquids are usually too viscous
to quantify the changes in their viscosity-dependent parameters
by existing approaches for gases without significant
modification or complicated design of the setup. A single device
that can measure the viscosities of both gases and liquids must
be able to probe the vast range of viscosities, from the very low
viscosities of gases to the much higher viscosities of liquids.
Such a device would enable measurement of any fluid,
including gases, liquids, and even their mixtures, without
changing the setup, making it possible to realize viscosity-based
identification of fluids.

In this paper, we describe a single microfluidic device that
measures viscosity over a wide dynamic range, sufficient to
measure both gases and liquids, and even that at the boundary
between two phases, using the same device. We accomplish this
by using a deformable microchannel, where the deformation is
proportional to the pressure driving the flow, which is, in turn,
dependent on the viscosity of the fluid. The microchannel is
made of polydimethylsiloxane (PDMS) and has an embedded
strain gauge located just above and across the microchannel,
efficiently measuring the flow-induced strain as the
microchannel is deformed. We demonstrate this approach by
correlating the induced strain with the viscosities of gases,
including carbon dioxide (CO2), nitrogen (N2), air, helium (He),
and argon (Ar) and the viscosities of liquids, including methanol
(MeOH), water, isopropyl alcohol (IPA), and MeOH aqueous
solution with four different concentrations whose viscosities are
at least two orders of magnitude larger than those of the gases.

Concept
A standard method of determining fluid viscosity is to
measure the pressure drop, p, required to flow the fluid

through a channel of known geometry; then the fluid
viscosity, μ, is proportional to p. This is also applicable to
deformable channels, although the relationship becomes
non-linear p ∝ μn, with n = 0.25 or less,23–25 reducing the
sensitivity. Here, we adapt a different approach: we use a
deformable channel, but we measure the deformation itself.
We use a rectangular channel made of PDMS and measure
the flow-induced deformation of the channel, Δh, using a
strain gauge embedded just above and across the channel,
with a thin layer of PDMS separating the gauge from the
fluid, as shown in Fig. 1. The strain, ε, is proportional to Δh2,
and Δh is proportional to p, regardless of flow rate. This
results in a robust device capable of measuring μ with high
precision over a wide range, even extending from gases to
liquids.

Results and discussion
Measurement of gases

We start by determining the behavior for a set of five gases,
CO2, N2, air, He, and Ar, using a flow rate of 10 mL min−1.
The output voltage of the strain gauge depends on the flow
and on the gas, as shown by the time dependence in
Fig. 2(a). The output for each gas is characterized by the peak
voltage, which is proportional to the strain,

eout ¼
eBKs

4
·ε (1)

where eB is the bridge voltage (2.5 V), and Ks is the gauge
factor (2.11). The measured strain is dependent on μ, as
shown in Fig. 2(b). The data are well described by a power-
law function, eout ∝ μm, where m = 0.859. Thus, this

Fig. 1 (a) Optical microscope image of a strain gauge. (b) Photo of the PDMS microfluidic device. An enlarged image shows the strain gauge
embedded in the device. (c) 3D schematic of the microfluidic device shown in (b). (d and e) Cross-sectional schematic of the strain gauge
embedded just above and across the microchannel. The schematics in (e) depict the microchannel without and with flow.
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We also compare the experimental data to those obtained
at the same temperature (20 °C) reported in previous
literatures,7,8,15 as shown in Fig. 5. The viscosity values
predicted by the present technique agree well with the known
viscosity values, with the only discrepancy being in the
reported values; this confirms the reliability of our
technique.

To investigate the behavior for different flow conditions,
we perform FEA simulations where the flow rate is varied. In
all cases, we observe a power-law relationship between the
deformation and the viscosity, as shown in Fig. S2.†
Interestingly, however, the exponent varies with the flow rate,
with n ∼ 1 at the lowest flow rates, and decreasing
monotonically to n ∼ 0.25 as the flow rate increases above 60
mL min−1, as shown in Fig. 6. At very low flow rates, the
microchannel should be only slightly deformed which results
in n ∼ 1. The asymptotic value at high flow rates is n ∼ 0.25,
which is almost equivalent to that calculated analytically for
flow in a PDMS microchannel bonded to a rigid glass
substrate where only the top surface deforms under the

flow.23–26 For our geometry, the FEA simulation predicts that
the flow-induced deformation occurs mainly at the top
surface even though the entire device is made of PDMS since
the bottom of the microchannel is much deeper, as shown in
Fig. S3.† In all cases, the strain is proportional to the square
of the deformation and hence the output voltage will also
exhibit a power-law dependence of viscosity, with an
exponent of 2n.

To compare the behavior predicted by the FEA results with
experiment, we measure the output voltage as we vary the
flow rates for the five gases between 6 and 10 mL min−1

(Fig. 2 and S4†), where the exponent is strongly dependent
on flow rate. In this regime, even changes in flow rate as
small as 1 mL min−1 result in a different dependence of the
output voltage on viscosity, as shown in Fig. 7. Nevertheless,
the results for each of the gases are clearly distinguished. In
each case, the data are well described by a power-law
dependence; moreover, the measured exponent is consistent
with twice that predicted by the FEA simulations, as shown
in Fig. 7. The responses obtained at 6 mL min−1 reach the
maximum values within several seconds after injecting

Fig. 4 FEA-based output voltages as a function of viscosity for 10
gases, C3H8, H2, C2H6, CH4, SO2, CO2, N2, air, He, and Ar at a flow rate
of 10 mL min−1 (open squares). These data points are fit with a power-
law (dashed line). The experimental data are also plotted (closed
squares).

Fig. 5 Predicted viscosity as a function of known viscosity for various
gases.

Fig. 6 Exponents, n, as a function of flow rate. The values of n are
obtained from a power-law fit to the Δh–μ plot shown in Fig. S2.†

Fig. 7 Output voltages as a function of viscosity for five gases, CO2,
N2, air, He, and Ar at flow rates of 6, 7, 8, 9, and 10 mL min−1. The data
points obtained at a flow rate of 10 mL min−1 are from those shown in
Fig. 2b.
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(Shiba, ..., Weitz, Lab Chip, 2021; Shiba, Liu & Li, Biosensors, 2023)

▶ Used FEA to correlate viscosity to voltage from strain gauge sensor as eout ∝ µ2k , fitting k,
expecting that p ∝ µk (why? soft hydraulics!).
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Soft hydraulics ¬ microrheometry — Open questions

Is microrheometry affected by channel deformation?

Francesco Del Giudice,1,2,a) Francesco Greco,3 Paolo Antonio Netti,1,2

and Pier Luca Maffettone1,2

1Center for Advanced Biomaterials for Health Care @CRIB, IIT, Largo Barsanti e
Matteucci53, 80125 Naples, Italy
2Dipartimento di Ingegneria Chimica, dei Materiali e della Produzione Industriale,
Universit!a di Napoli Federico II, P.le Tecchio 80, 80125 Naples, Italy
3Istituto di Ricerche sulla Combustione, IRC-CNR, P.le Tecchio 80, 80125 Naples, Italy

(Received 25 December 2015; accepted 11 February 2016; published online 5 April 2016)

Microrheometry is very important for exploring rheological behaviours of several
systems when conventional techniques fail. Microrheometrical measurements are
usually carried out in microfluidic devices made of Poly(dimethylsiloxane) (PDMS).
Although PDMS is a very cheap material, it is also very easy to deform. In particular,
a liquid flowing in a PDMS device, in some circumstances, can effectively deform
the microchannel, thus altering the flow conditions. The measure of the fluid
relaxation time might be performed through viscoelasticity induced particle migration
in microfluidics devices. If the channel walls are deformed by the flow, the resulting
measured value of the relaxation time could be not reliable. In this work, we study the
effect of channel deformation on particle migration in square-shaped microchannel.
Experiments are carried out in several PolyEthylene Oxyde solutions flowing in two
devices made of PDMS and Poly(methylmethacrylate) (PMMA). The relevance of
wall rigidity on particle migration is investigated, and the corresponding importance
of wall rigidity on the determination of the relaxation time of the suspending liquid is
examined. VC 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4945603]

I. INTRODUCTION

In the last decades, microrheometry, i.e., the measure of rheological properties through
microfluidic techniques, received great attention from the scientific community.1 Indeed, materi-
als properties such as shear viscosity,2 elongational viscosity,3 and more recently relaxation
times can all be obtained by means of microfluidic devices.3–5 The main advantages of micro-
rheometry reside in the very small amount of sample needed for the measurements (a very im-
portant issue for precious materials), and in the higher sensitivity possibly achievable with
respect to conventional techniques, for some rheological properties at least.5

In several instances, the measure of a characteristic relaxation time presents several diffi-
culties. For example, fluids relaxation times down to milliseconds cannot be detected by con-
ventional small angle oscillatory shear techniques simply because values of the storage modulus
G0 are extremely small (!10"3 Pa) in the attainable frequency range.5,6 Recently, then, Zilz
et al.4 proposed a microfluidic technique for the measure of the fluid relaxation time based on
phenomena of flow-induced instability in a curved geometry, a serpentine microchannel in their
work. This method, however, gives data with nonnegligible error bars due to the delicate nature
of the flow instability. In our previous work,5 we presented an alternative (and more accurate)
way for measuring the longest fluid relaxation time in a microfluidic device, based on the vis-
coelasticity induced cross-flow migration of particles transversally to the main flow direction.7

Particles suspended in a non-Newtonian matrix and subjected to a confined Poiseuille flow,
indeed, migrate transversally to the flow direction7 towards one or more equilibrium positions

a)Present address: Micro/Bio/Nanofluidics Unit, Okinawa Institute of Science and Technology Graduate University,
Okinawa, Japan. Electronic mail: francesco.delgiudice@me.com.

1932-1058/2016/10(4)/043501/9/$30.00 VC 2016 AIP Publishing LLC10, 043501-1

BIOMICROFLUIDICS 10, 043501 (2016)

“Finally, we prove that the measure of the fluid relaxation time λ through particle migration in
microfluidic devices might be unaffected by wall deformability if care is taken when selecting
the flow conditions. Specifically, the dimensionless parameter ∆p/E must be small.”

TODAY e ?

How small? Is ∆p/E the only relevant parameter?
What are the basic laws/operating principles for complex fluid flows in compliant channels?
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Soft hydraulics: Nearly unidirectional flows in compliant conduits

Flow

Pressure dis-
tribution

Soft boundary
deformation

Figure: Fluid–elastic structure
interactions (FSIs) in internal flows
(following Fung, Biomechanics, 1997).

▶ Need 1 deformation–pressure relation to determine
change in cross-sectional area.

▶ Need 2 the pressure grad.–flow rate relation:(
−dp

dz

)
g
(
geometry, p︸︷︷︸

FSI

, dp/dz , . . .︸ ︷︷ ︸
non-Newt.

)
= q.

This ODE for p updates classical result (Rubinow & Keller, J. Theor. Biol., 1972).

▶ Them 3 , the soft hydraulics problem is to find this
ODE and solve it to get the relationship
f(∆p, q) = 0.
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1 Deformation–pressure relation(s)

(a) Planar (2D), vertical deformation: uy (z) =

compliance [m/Pa]︷ ︸︸ ︷
b

2G+λ p(z)

Shear modulus G = E/2(1 + νs); Lamé coeff. λ = Eνs/(1 + νs)(1 − 2νs).

(e.g., Winkler, 1867; Skotheim & Mahadevan, PRL 2004)

(b) Axisym. extrusion (2D), radial deformation: ur (z) = a0
2G p(z)

(e.g., Wang et al., Mech. Res. Commun., 2022; Raj M et al., Biomicrofluidics, 2018)

(c) Axisym. shell (2D), radial deformation: ur (z) = a2
0

bE
p(z)

E = E/(1 − ν2
s ) (e.g., Anand & Christov, ZAMM, 2021; also Elbaz & Gat, JFM, 2014)

(d) 3D Cartesian, vertical deformation: uy (x , z) = f (x)w
E

p(z) .

(Christov et al., JFM, 2018; Shidhore & Christov, JPCM, 2018; Wang & Christov, PRSA, 2019)

From invited topical review: Christov, J. Phys. Condens. Matter, 2022.
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2 Pressure gradient–flow rate relation
▶ Long/slender geometry ⇒ lubrication approximation (≈ unidirectional flow, slow z variation):

0 ≈ −dp
dz + ∇⊥ · [η(γ̇)∇⊥vz ] + ∇ · (τpolymeric · ez), (∗)

∇⊥ is in the cross-sectional (x , y) or (r , θ) coords.
. Curving streamlines in nonuniform conduits cause viscoelastic stresses.

(Tichy, J. Tribol., 1996; Zhang et al., JNNFM, 2002; Saprykin et al., JFM, 2007; Boyko & Stone, JFM, 2022, etc.)

▶ Flow rate is
q =

∫∫
deformed domain(p)

vz (dp/dz) dA⊥. (∗∗)

▶ Using solution for vz from (∗) and uy or r from previous slide in (∗∗) gives ODE for p(z) :

−dp
dz g

(
geometry, p,

dp
dz , . . .

)
= q,

Chun, Christov & Feng (UIUC & Purdue) Viscoelastic soft hydraulics SoR 96th Annual Meeting 8 / 13
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3 Pressure drop of weakly viscoelastic flow in a 3D deformable channel

▶ Consider Boger fluid (η(γ̇) = ηs = const., η0 = ηs + ηp),
obeying Oldroyd-B model:

σ = −pI + 2ηsE︸︷︷︸
solvent

+ τ︸︷︷︸
polymeric

,

τ + λ[v · ∇τ − (∇v)⊤ · τ − τ · (∇v)] = 2ηpE .

▶ Lubrication is not enough to make progress; assume
weakly viscoelastic flow De = λq

wh0ℓ ≪ 1; expand in De.
▶ Long story short (Boyko & Christov, JNNFM, 2023), leading

contribution in De is
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Figure: Wall compliance & viscoelasticity
both decrease ∆P; ηp/η0 = 0.4.

∆p ≈ 12η0ℓ

wh3
0︸ ︷︷ ︸

Rrigid
h

[
1 − 3

10

(w
b

)3 ( ℓ

h0

)(
η0q
Eh3

0

)
︸ ︷︷ ︸

wall compliance, α

(
1 + 4 ηp

η0

λq
wh0ℓ︸ ︷︷ ︸

viscoelastic, β̃De

+ · · ·

)
+ · · ·

]
q.
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Viscoelastic soft hydraulics: quantitative theory–expt. agreement
Deformable rectangular channel

Δp

q

  ℓ
 =

 ℓΔp

Flow direction

w

Inlet flow

Outlet flow

De
0 0.05 0.1 0.15

Figure: viscoelastic (Boger fluid, □) vs. Newtonian (glycerin, ◦). (Chun, Christov, Feng, Phys. Rev. Appl., 2025)

▶ Oldroyd-B model, 3D rectangular channel, De = λq/(wh0ℓ) ≪ 1 (Boyko & Christov, JNNFM, 2023):

∆p ≈ 12η0ℓ

wh3
0︸ ︷︷ ︸

Rrigid
h

[
1 − 3

10

(w
b

)3 ( ℓ

h0

)(
η0q
Eh3

0

)
︸ ︷︷ ︸

wall compliance, α

(
1 + 4 ηp

η0

λq
wh0ℓ︸ ︷︷ ︸

viscoelastic, β̃De

+ · · ·

)
+ · · ·

]
q.

▶ Here, 0.09 ≤ α ≤ 0.56 and 0.02 ≤ De ≤ 0.17 based on varying inlet q.
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Where did we come from? Where are we going?
▶ Got a handle on the soft hydraulic resistance Rh(∆p). ✓

• Including dependence on geometry (w/b, h0/ℓ), channel wall softness (compliance #, α),
viscoelasticity (Deborah #, De), shear thinning (Carreau #, Cu), . . .

▶ New operating principles for soft microrheometry? Infer λ from ∆p?
• Caveat: γ̇ varies slowly with streamwise coordinate z .

▶ Stay tuned for oscillatory flows (Womersley #, Wo) two-way-coupled to deformation
(elastoviscous #, γ). å

• Is there a soft hydraulic capacitance Ch(∆p) [such that q ≈ Ch
dp
dt ]?

• Or inductance Lh(∆p) [such that p ≈ Lh
dq
dt ]?

Thank you for your attention!
Chun, Christov & Feng (UIUC & Purdue) Viscoelastic soft hydraulics SoR 96th Annual Meeting 11 / 13
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Rheological characterization of the working fluids

Total viscosity of 92.1 wt% Gly-Aq:
η0 = 0.22 ± 0.001 Pa s
Total viscosity of 300 ppm PAA:
η0 = 0.22 ± 0.003 Pa s
Solvent viscosity of 300 ppm PAA:
ηs = 0.12 ± 0.004 Pa s 
 

 

(a)

(b)

Table: Rheological properties and composition of the test liquids.

Name Composition
(% w/w)

η0 = ηs + ηp
(Pa s)

ηs
(Pa s)

λ
(ms)

300 ppm PAA

PAA-0.03
Gly-89

DI water-10
NaCl-1

0.22
± 0.003

0.12
± 0.004

97.6
± 0.5

Gly-Aq Gly-92.1
DI water-7.9

0.22
± 0.001 – –

▶ Using (i) stress-controlled rheometer (DHR-3, TA Instruments) and (ii)
custom-built dripping rheometry experiments.
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Shear-thinning soft hydraulics: Quantitative theory–expt. agreement
Deformable rectangular channel

Δp

q

  ℓ
 =

 ℓΔp

Flow direction

w

Inlet flow

Outlet flow

Figure: Shear-thinning (xanthan gum, ×) vs. Newtonian (glycerin, ◦). (Chun, Boyko, Christov & Feng, Phys. Rev. Fluids, 2024)

Power-law model, 3D rectangular channel: −
dp
dz

G(geometry,p,...)︷ ︸︸ ︷{
1 +
∑∞

k=1
ck,n

[
1

384b̃
p(z)

Bh0/w4

]k

2F1
(

1
2 , −k; 3

2 + k; b̃
)}n

=
∆prigid

ℓ
= 2(4 + 2/n)n η0

λr h0
Cun

(Anand, Joshua David John Rathinaraj & Christov, JNNFM, 2019).
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