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Introduction A diffusion paradox A resolution

The big picture

“Can we develop a general theory of the dynamics of turbulent

flows and the motion of granular materials? So far, such

‘nonequilibrium systems’ defy the tool kit of statistical mechanics, and

the failure leaves a gaping hole in physics.” — “So Much More to Know ...” (2005)

Motivation:

I Flowing granular materials — a complex system far from equilibrium.

F No “general theory” but simple models can be enlightening.

I Diffusion, rheology, etc. in/of granular flow are not well understood.

Today:

1 How/why we observe “diffusion” in granular flows.

2 Anomalous scalings from “normal” diffusion?
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Introduction A diffusion paradox A resolution

Diffusion of a “granular pulse” in a tumbler
A band of colored particles in a monodisperse granular mixture
diffuses axially as the container is rotated.
(Lacey, J. Appl. Chem. 1954; Carley-Macauly & Donald, Chem. Eng. Sci. 1962)

Many regimes of flow in a tumbler...restrict to continuous flow.

Thin surface shear layer ⇒ velocity fluctuations ⇒ lateral diffusion.
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(Khan et al., New J. Phys. 2011)
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Introduction A diffusion paradox A resolution

Anomalous macroscopic scalings
Experimental concentration profiles of an axially diffusing pulse of
dyed black salt grains in white salt grains: (Khan & Morris, Phys. Rev. Lett. 2005)

profiles in Fig. 2(a), where the axial length scale was
transformed as x ! xt!! and the axial concentration of
small grains C"x; t# was transformed as C ! Ct!. The
pulse width increases at the same rate as the pulse ampli-
tude decreases; thus the spreading process is self-similar.
This implies that the integrated concentration is constant
and that no grains are lost from the core. The average
collapse parameter for large salt grains and small sand
grains with a drum rotation rate of 0:62 rev=s is ! $
0:37% 0:03, averaged over ten runs. Similar experiments
were repeated for different combinations of grains at two
drum rotation rates. The results are shown in Table I. We
conclude that cores of small grains spread axially as t!

where !& 1=3< 1=2, independent of grain type and drum
rotation rate within the smoothly streaming regime.

It is interesting to compare the spreading of radially
segregated cores of small grains with the nonsegregating
self-diffusion of the large grains alone. To observe this
experimentally, some of the large grains were dyed black.
These dyed grains were loaded into a drum full of other-
wise identical white grains with a 1.5 mm wide pulse as the
initial condition. The space-time evolution was observed
using standard surface-lighting and imaging techniques
[10,11]. Figure 3(a) shows the concentration profile of
dyed salt particles at various times. These data were col-
lapsed in a similar way as discussed previously, as shown
in Fig. 3(b). Again, we find a collapse parameter !< 1=2.
For runs using salt grains, ! $ 0:29% 0:01, and for runs
using glass spheres, ! $ 0:34% 0:04, each averaged over
five runs. Thus, we conclude that the self-diffusion of
grains in the rotating drum is also subdiffusive, even
when no segregation is involved. We discuss some differ-
ences between these two cases below.

In addition to examining the temporal scaling of the
pulse, we can also measure in detail the functional shape
of the scaling solution. Here it is possible to distinguish
between different subdiffusive processes. We have inves-
tigated two candidate models for radial core spreading: the
fractional diffusion equation (FDE) and the porous me-
dium equation (PME). The fractional diffusion equation is
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where " $ 2! denotes the order of a fractional time de-
rivative [28,29]. Solutions of this linear equation have the
property that the width of a narrow pulse initial condition
grows as t!, where ! ' 1=2. If ! $ 1=2, the solution
reduces to normal Fick diffusion. This FDE model is often
used to describe processes which occur in spaces where
there are temporal or spatial constraints, such as the flow of
tracers through porous media [30]. The FDE has an ana-
lytic series solution in terms of Fox’s H-functions [28,29],
which forms the self-similar scaling solution. We also
examined the PME,
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This nonlinear model describes the spreading of a compact
mound and has the property that for a narrow pulse initial
condition, the width grows as t1=3, and the scaling solution
has a parabolic profile [31].

We fit radial core concentration data collapsed with ! as
a free parameter to the series solution of the FDE, and data
collapsed with ! $ 1=3 to a numerical solution of the
PME, as shown in Figs. 4(a) and 4(b), respectively. We
find that while both solutions model the collapsed concen-
tration profiles reasonably well within experimental error,
the PME has a smaller systematic discrepancy, since the
profiles are better described as parabolic. The FDE solution
has exponential wings and inflection points that are not
obvious in the data. We note, however, that our projection
visualization technique may simply be too insensitive to
detect these tails.

We also fit the nonsegregating self-diffusion of the large
grains to both models and find that the FDE gives a
qualitatively better fit because in this case, the concentra-
tion profiles have tails within experimental resolution,
while the parabolic PME solution does not. Examples of

FIG. 3 (color online). (a) Concentration profiles of a mixing
pulse of dyed black salt grains surrounded by white salt grains.
(b) Collapsed concentration profiles corresponding to (a). The
collapse parameter is ! $ 0:3.

TABLE I. Collapse parameters for the self-similar spreading
of radial cores in various grain types and rotation frequencies.

Large grains
300–420 #m

Small grains
177–212 #m

Rotation rate
(rev=s)

!

Salt Sand 0.31 0:38% 0:03
Salt Sand 0.62 0:37% 0:03
Glass Bronze 0.31 0:31% 0:04
Glass Bronze 0.62 0:29% 0:01
Glass Sand 0.31 0:35% 0:03
Glass * * * 0.31 0:34% 0:04
Salt * * * 0.31 0:29% 0:01

PRL 94, 048002 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
4 FEBRUARY 2005

048002-3
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This implies that the integrated concentration is constant
and that no grains are lost from the core. The average
collapse parameter for large salt grains and small sand
grains with a drum rotation rate of 0:62 rev=s is ! $
0:37% 0:03, averaged over ten runs. Similar experiments
were repeated for different combinations of grains at two
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Experimental concentration profiles of an axially diffusing pulse 4 mm
spherical beads in bed of 2mm beads: (Finger et al., Phys. Rev. E 2009)

distribution, the integral of p!x", one consequently expects
systematic deviations such as qualitatively sketched by the
dashed line in Fig. 9.

III. DIFFUSION MODEL FOR LARGE BEAD PULSES

From the measured exponent !#0.33 and the profile of
Fig. 9, it seems natural to assume a concentration-dependent
diffusion for an interpretation of the subdiffusive character of
the large beads pulse. A concentration-dependent diffusion
constant D!p" in the !one-dimensional" diffusion equation
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!t
=

!

!x
$D!p"

!p

!x
%

renders this type of equation in general analytically unsolv-
able, with few exceptions !e.g., &37–39'". For example, the
assumption of D=D0!p / p0"n yields a scaling of " with
t1/!n+2" &39'. Our experimental data are not sufficient to allow
the extraction of the actual D!p" dependence, but it is obvi-
ous that there is a uniform trend dD /dp#0 in our L-pulse
system. This trend can be understood from a physical point
of view. Figure 3, bottom shows that the large particles are
on the free surface or rotate attached to the glass wall. The
dynamics of their redistribution occurs essentially while they
slide down the free surface. At low local concentrations of
those particles on the surface, they slide straight down the
slope and their lateral diffusion is weak, whereas at larger
concentrations, the large particles interact with each other on
the slope via collisions. Such collisions increase a stochastic
lateral motion and lead to a higher diffusion coefficient. This
explains the trend of the systematic deviations from normal
diffusion reflected in the measured exponent !, and the sub-
diffusive character of the spreading of the L pulse.

IV. SUMMARY

We have demonstrated by magnetic resonance imaging
investigations that in a granular mixture contained in a rotat-
ing cylindrical container, the small particles undergo normal
diffusion. A comparison with our optical investigations
shows that the data obtained from the optical experiment are
not reliable enough to extract the scaling exponent. This may
be partially attributed to problems with the projection tech-
nique. There are two major problems with the optical experi-
ments. The first one is the relation between the composition
of the mixture and the optical transmission intensity, which
cannot be established with the desired accuracy. The second

(b)

(a)

FIG. 7. !Color online" Positions of the large particles in an L
pulse !a" after six rotations of the tube and !b" after 31 rotations.
The solid lines are Gauss curves.

(b)

(a)

FIG. 8. !a" Cumulative presentation of the particle distribution
after 31 mixer rotations. !b" Plot of "!N" as a function of the num-
ber of revolutions N for the L pulse. The fit represents a potential
law "$N! with !=0.33.

FIG. 9. Difference between the actual cumulative particle distri-
bution &Fig. 8!a"' and the Gaussian model for the L pulse after 31
rotations. The dashed line guides the eye only.
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FIG. 9. Difference between the actual cumulative particle distri-
bution &Fig. 8!a"' and the Gaussian model for the L pulse after 31
rotations. The dashed line guides the eye only.

FISCHER et al. PHYSICAL REVIEW E 80, 061302 !2009"

061302-4

ICC & HAS (PU) Granular diffusion SIAM DS13 4 / 12

http://www.princeton.edu/mae


Introduction A diffusion paradox A resolution

An explanation: Fractional kinetics

For a random walk with characteristic waiting that diverges, but with
finite jump length variance,

0D2α
t c − t−2α

Γ(1− 2α)
c(x , 0) = Dα

∂2c

∂x2
,

where 0D2α
t c =

1

Γ(1− 2α)

∂

∂t

∫ t

0
dt ′

c(x , t ′)

(t − t ′)2α
, 0 < α < 1/2.

Self-similar solution

c(x , t) =
1√

4πDαt2α
F

(
x√

4Dαt2α

)
, F (ξ) = H2,0

1,2

[
ξ2
∣∣∣(1−α,2α)

(0,1),(
1
2 ,1)

]
,

where H is Fox’s H-function (Fox, Trans. Amer. Math. Soc. 1961).

〈x2(t)〉 = 2Dα
Γ(1+2α) t

2α, 0 < α < 1/2 ... subdiffusion
⇒ must check in exp’t.

ICC & HAS (PU) Granular diffusion SIAM DS13 5 / 12

http://www.princeton.edu/mae
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The paradox: Normal microscopic scalings
Experimental MSD, kurtosis from x-ray imaging (Khan et al., New J. Phys. 2011)9
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Figure 5. (a) Ensemble averaged MSD
⌦
1x(⌧ )2

↵
of 0.200–0.250 mm tracer

particles embedded in mixtures of glass spheres plotted against time on
logarithmic axes. The fitted slopes of these curves (not shown) are 1.17, 1.08
and 1.10, respectively. (b) PDFs of tracer particle displacements 1x(⌧ ) plotted
logarithmically against linear displacement normalized by the mean tracer
particle diameter d

s

for a displacement time ⌧ of 0.004 s. These distributions have
broader tails at large displacements than would be predicted by Fickian diffusion,
where the expected form of the PDF would be a Gaussian curve, indicted by the
grey dashed line. The tails of the distributions are well described by power-law
fits, shown as red dashed lines. (c) PDFs of tracer particle displacements 1x(⌧ )
embedded in 0.500–0.600 mm glass spheres for different displacement times ⌧ .
The distributions approach a Gaussian (parabolic) shape for a large displacement
time ⌧ . (d) Time dependence of the normalized kurtosis  of distributions
generated by calculating the displacements for increasing wait times ⌧ . The
colours indicate the different mixtures of glass spheres used, with diameters in
the ranges of 0.212–0.250 mm (black squares), 0.355–0.420 mm (blue squares)
and 0.500–0.600 mm (green squares).

New Journal of Physics 13 (2011) 105005 (http://www.njp.org/)
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and 1.10, respectively. (b) PDFs of tracer particle displacements 1x(⌧ ) plotted
logarithmically against linear displacement normalized by the mean tracer
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for a displacement time ⌧ of 0.004 s. These distributions have
broader tails at large displacements than would be predicted by Fickian diffusion,
where the expected form of the PDF would be a Gaussian curve, indicted by the
grey dashed line. The tails of the distributions are well described by power-law
fits, shown as red dashed lines. (c) PDFs of tracer particle displacements 1x(⌧ )
embedded in 0.500–0.600 mm glass spheres for different displacement times ⌧ .
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the ranges of 0.212–0.250 mm (black squares), 0.355–0.420 mm (blue squares)
and 0.500–0.600 mm (green squares).

New Journal of Physics 13 (2011) 105005 (http://www.njp.org/)

Simulation of 5 mm beads axially diffusing into 10 mm beads:
(Taberlet & Richard, Phys. Rev. E 2006)

of course on the length of the drum. The simulations run for
typically a few hundreds of rotations.

The rotation is started, and the medium compacts to lead
to an average filling fraction of 37%. Radial segregation oc-
curs rapidly !typically after five rotations of the drum", and
the initial pulse is buried under the surface. The concentra-
tion profiles can be obtained at any time step. Knowing the
exact position of every grain allows one to accurately com-
pute the average position #x$ and the mean squared deviation
#x2$. Note that periodic boundary conditions could be used in
order to avoid the effect of the end plates. However, the
confinement would still play a role since the position of in-
dividual grains would still be limited. Moreover it may lead
to nonphysical spurious effects.

The molecular dynamics method

The forces schemes used are the dashpot-spring model for
the normal force Fij

n and the regularized Coulomb solid fric-
tion law for the tangential force %31& Fij

t : respectively, Fij
n

=kij
n !ij !"ij

n !̇ij and Fij
t =min!#Fij

n ,"tvij
s ", where !ij is the vir-

tual overlap between the two particles in contact defined by
!ij =Ri+Rj !rij, where Ri and Rj are the radii of the particles
i and j and rij is the distance between them. The force acts
whenever !ij is positive and its frictional component is ori-
ented in the opposite direction of the sliding velocity. kij

n is a
spring constant, "ij

n a viscosity coefficient producing inelas-
ticity, # a friction coefficient, "t a regularization viscous pa-
rameter, and vij

s is the sliding velocity of the contact. If kij
n

and "ij
n are constant, the restitution coefficient e depends on

the species of the grains colliding. In order to keep e constant
the values of kij

n and "ij
n are normalized using the effective

radius Reff defined by 1/Reff=1/Ri+1/Rj: kij
n =k0

nR0 /Reff and
"ij

n ="0
nReff

2 /R0
2. The particle/wall collisions are treated in the

same fashion as particle/particle collisions, but with one par-

ticle having infinite mass and radius. The following values
are used: R0=4 mm, k0

n=400 N m!1, "0
n=0.012 kg s!1 !lead-

ing to e'0.9", "t=6 kg s!1 and #=0.3. The value of e was
varied !from 0.4 to 0.9", which seemed to have only very
little influence on the diffusion process.

The equations of motion are integrated using the Verlet
method with a time step dt=1/30 $t, where $t is the dura-
tion of a collision !$t(10!3 s". The simulations are typi-
cally run for 107 time steps, corresponding to a few hundreds
of rotations.

1D CONFINED DIFFUSION

Before analyzing any results, one should quantify the in-
fluence of the end plates. The limited space imposes some
constraints on the diffusion process: the position x along the
axis of the drum can only range from !L /2 to L /2, which
imposes a limit to the mean squared deviation. In order to
clarify the effect of the confinement we present in this sec-
tion a theoretical analysis of an initial Dirac distribution !cor-
responding to the initial pulse" diffusing in a confined 1D
space. Note that an initial pulse function could also be used.
However, this would add a degree of complexity to the prob-
lem without much benefit. In this brief section we only in-
tend to qualitatively describe the effect of the confinement
rather than studying it in detail. The concentration, defined
for x! %!L /2 ,L /2&, is given by %32&

c!x,t" =
1

)4%Dt
*

n=!&

&

e!!x+nL"2/4Dt.

Note that the exact solution for an initial pulse of nonzero
width can be obtained by convoluting this solution to the
initial pulse function.

We can now plot the concentration profiles for various
times !see Fig. 2". Note that the time and position can be
made dimensionless !using t*= tL /D2 and x*=x /L". One can
see that at short time the distribution is almost a Gaussian but
at longer times, the confinement plays a important role. The
distribution flattens and eventually reaches a constant value
of c!x"=1/L, which corresponds to a mean squared deviation
#x2$&=L2 /12. Figure 2 also shows the time evolution of the
mean squared deviation defined here by #x2$=+0

Lc!x , t"x2dx.
The function is clearly linear at short time !as confirmed by
the log-log scale inset" but saturates at longer times. This
behavior was expected but can lead to erroneous conclu-
sions. Indeed, the curvature observed in #x2$!t" could be mis-
taken for a sign of a sub-diffusive process whereas it is
solely due to the confinement. Note that Khan et al. %17&
used a rather long tube in their experiments, meaning that the
confinement did not affect their results.

RESULTS

Concentration profiles

We now present results obtained in our 3D numerical
simulations. The position of every grain at any time step is
known, which allows one to compute the concentration pro-
files. The drum is divided in virtual vertical slices of length

FIG. 1. !Color online" Snapshots of the DEM simulation taken
after 0 rotations !a", 30 rotations !b", and 100 rotations !c". A initial
pulse of small !red online" grains is inserted at the center of a
rotating drum otherwise partially filled with large grains !yellow
online". For clarity we used here an initial pulse of length l=25dS in
a drum of length L=120dS. Note that longer drums are used later.
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before for the mean squared deviation !x2"=1/N #i$xi!xi
0%2.

Note, however, that the end plates play the same role as
before. Indeed, the position is still limited. Moreover, the
grains initially located near an end plate will “feel” the end
plates at early stages. It is therefore necessary to measure the
mean squared deviation of grains initially centered around
x=0. For both self-diffusion simulations we used the grains
located within a distance of 10dS from the center of the drum
$x=0%.

Figure 8 is a plot of !x2" versus time for all three runs.
Rather surprisingly, all three curves collapse. This shows that
the diffusion process is independent of the grain size, which
is very interesting. One could expect the diffusion coefficient
to scale with the grain diameter and the two self-diffusion
coefficients to be different but it is obviously not the case.
Instead, our simulations show that dS is not a relevant length
scale regarding the diffusion process.

Maybe even more interestingly, the data collapse shows
that radial segregation does not seem to affect the diffusion
process. Indeed, the diffusivity is the same in the pulse ex-
periment $where radial segregation exists% as in the self-
diffusion experiments $where no segregation can exist%.

DISCUSSION AND CONCLUSION

The diffusion of an initial pulse seems to be very helpful
in understanding the basic mechanisms leading to axial seg-
regation. It is, however, difficult to obtain precise measure-
ments in an experimental system. Khan et al. &17' developed
a clever projection technique that allows one to observe the
hidden core of small grains. The shadow projected by the
opaque small grains is clearly related to the concentration in
small grains, but one can question whether the link between
the two is a linear relation or a more complex one.

Our numerical simulations show consistent results indi-
cating that the diffusion is normal. This conclusion is
strongly supported by a collapse of concentrations profiles
rescaled by t1/2. Moreover, the mean squared deviation is
clearly a linear function of time as long as the confinement
does not play a role. These results are in strong contradiction

with those obtained experimentally by Khan et al. &17'.
These authors found a subdiffusive process that scales ap-
proximatively as t1/3. The origin of this discrepancy remains
unknown.

It could originate from the force models used in our simu-
lations. In particular, it would be very interesting to test the
consistency of our results using the Hertz model or a tangen-
tial spring friction model &30'. The discrepancy might also
originate in the projection method used by Khan et al. &17'
which is an indirect measurement of the concentration. How-
ever, it seems unlikely that the details of the projection tech-
nique would change the diffusion power laws. One interest-
ing check for that method would be to apply the projection
technique to our numerical data. Figure 9 shows a projection
$perpendicularly to the free surface% of the core of small
grains obtained for L=280ds after 75 rotations. This image
looks rather different from those of Khan et al. &17'. In par-
ticular, one can observe individual grains, which is not pos-
sible using their projection technique. Applying the projec-
tion technique to our numerical data is not straightforward
and the definition of such a procedure would obviously dras-
tically influence the outcome. Note, however, that Khan et al.
have also observed a subdiffusive self-diffusion using direct
imaging, which does not involve projection. This supports
the idea that the 1/3 power law which they reported is not an
artifact of their projection technique and that the origin of the
discrepancy between the experiments and the simulations
may be due to some unaccounted-for physical effect.

After stimulating discussions with these authors, we be-
lieve that there are a number a physical differences between
our two systems that might lead to different results. One
difference between the two systems is the ratio of the drum
diameter to the average particle diameter: !=D / d̄. In our
simulations !=26 and in their experiments !(100. The dis-
crepancy might also be caused by the difference in the shape

FIG. 7. $Color online% Mean squared deviation versus time in a
linear $right% and log-log $left% scale for L=420dS. Except for a brief
transient during which radial segregation occurs, !x2" is a linear
function of time. The data plotted in a log-log plot scale is ex-
tremely well fitted by a line of slope 1.

FIG. 8. $Color online% Mean squared deviation versus time for
the pulse experiment $blue online%, self-diffusion of small $red on-
line% and large $black% grains. One can see all three curves collapse,
showing that the self-diffusion is normal and that the diffusion co-
efficient is independent of the grain size.

FIG. 9. View of the small grains projected perpendicularly to the
free surface for L=280ds after 75 rotations $i.e., before the confine-
ment plays a role%.
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Introduction A diffusion paradox A resolution

Intermediate asymptotics of diffusion

Consider dimensionless [X = x/L, T = t/(L2/D0)] diffusion equation

∂C

∂T
=

∂

∂X

(
D∂C
∂X

)
,

∂C

∂X

∣∣∣∣
X=±1

= 0, C (X , 0) = Ci (X ).

In general, D = D(C ,X , · · · ).

D = 1: random walk with 〈(∆X )2〉 ∝ t. (Einstein, Ann. Phys. 1905)

I C -dependent jump probability leads to D(C ). (Boon & Lutsko, EPL 2007)

Similarity solution of the form C (X ,T ) = T−1/2C(XT−1/2).

initial condition intermediate asymptotics steady state

(Barenblatt, Scaling, Self-similarity, and Intermediate Asymptotics, 1996)
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Introduction A diffusion paradox A resolution

Optimal self-similar solution (I)
Let τ = T + T ∗ and η = (X + X ∗)/

√
4(T + T ∗), then diffusion eq.

becomes

τ
∂C

∂τ
=
η

2

∂C

∂η
+

1

4

∂2C

∂η2
.

Separate variables as C (τ, η) = τ−λgλ(η) to get

g ′′λ + 2ηg ′λ + 4λgλ = 0 ⇒ gλ(η) = e−η
2 Hn(η)︸ ︷︷ ︸

Hermite

, λ =
n + 1

2
.

For some An determined from the I.C., the general solution is

C (η,T ) = e−η
2
∞∑
n=0

An

(T + T ∗)
n+1

2

Hn(η).

(Zel’dovich & Barenblatt, Dokl. Akad. Nauk. SSSR 1958;

Kleinstein & Ting, ZAMM 1971; Witelski & Bernoff, Stud. Appl. Math. 1998)

But...I didn’t tell you what T ∗ and Z ∗ are!
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Introduction A diffusion paradox A resolution

Optimal self-similar solution (II)

Pick T ∗ and X ∗ so that A1 = A2 = 0, then solutions for arbitrary
initial data can be well-approximated (for D = 1 and T > T ∗) by the
point-source similarity solution

C (X ,T ) =
1√

4π(T + T ∗)
exp

{
− (X + X ∗)2

4(T + T ∗)

}
+O

(
1

T 2

)
provided that

X ∗ = −M1

M0
, T ∗ =

1

2

[
M2

M0
−
(
M1

M0

)2
]
,

and Mk :=
∫ +∞
−∞ Ci (X )X k dX .

Note: Z ∗ = 0 in this talk (symmetric initial conditions only).
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Introduction A diffusion paradox A resolution

Time-dependent anomalous collapse exponents

Data collapses under rescaling C (X ,T )→ C (X/Tα,T )Tα.

⇒ we are balancing Tα with
√
T + T ∗, meaning

α(T ) ' ln(T + T ∗)

2 lnT
=


1

lnT

[
lnT ∗ + T

2T∗ +O(T 2)
]
, T → 0,

1
2 + 1

lnT

[
T∗

2T +O(T−2)
]
, T →∞.
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T
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a
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0.08

Z T −α

C
 T

 α

α = 0.30(a)

−4 −2 0 2 4
0

0.01

0.02

0.03

0.04

Z T −α

C
 T

 α

α = 0.43(b)

(Christov & Stone, Proc. Natl Acad. Sci. USA 2012)
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Introduction A diffusion paradox A resolution

Concentration-dependent diffusivity in bidisperse mixtures

Suppose C is the concentration of larger particles, then
D(C ) = 1 + (C − 1/2). (Ristow & Nakagawa, Phys. Rev. E 1999)

Seeking a self-similar solution C (X ,T ) = T−αC(ζ) with ζ = T−αX :

0 = C + ζC′ +
1

2α
T 1−2αC′′︸ ︷︷ ︸

1○

+
1

2α
T 1−3α

(
C2
)′′︸ ︷︷ ︸

2○

.

I If α = 1/3, then
T 1−2α = T 1/3 � 1 for T � 1.

I If α = 1/2, then
T 1−3α = T−1/2 � 1 for T � 1.

10−5 100 105
10−2

10−1

100

101

102

T

max height

 

 
maxX C(X,T)

early α = 0.3231
late α = 0.4469

10−5 100 105
10−2

10−1

100

101

102

T

full width at half max

 

 

width at half max
early α = 0.32011
late α = 0.43885

Q: Find α(T ) in the crossover regime? [Christov, Eggers, Stone (in prep)]
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Introduction A diffusion paradox A resolution

Summary
What we have done:

I Everyone can be right! (Proposed a resolution to the granular diffusion
“paradox.”)

I Analytical foundations for anomalous exponents in Fickian diffusion.

What we haven’t done:
I Find an asymptotic solution matching across both scaling regimes in

the nonlinear case?

I Take into account the disparate flow regimes (thin shear layer on top of
bulk in solid body rotation)?

Thank you for your attention!

Resolving a paradox of anomalous scalings
in the diffusion of granular materials
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Department of Mechanical and Aerospace Engineering, Princeton University, Princeton, NJ 08544
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Granular materials do not perform Brownian motion, yet diffusion
can be observed in such systems when agitation causes inelastic
collisions between particles. It has been suggested that axial diffu-
sion of granular matter in a rotating drum might be “anomalous”
in the sense that the mean squared displacement of particles
follows a power law in time with exponent less than unity. Further
numerical and experimental studies have been unable to defini-
tively confirm or disprove this observation. We show two possible
resolutions to this apparent paradoxwithout the need to appeal to
anomalous diffusion. First, we consider the evolution of arbitrary
(non-point-source) initial data towards the self-similar intermediate
asymptotics of diffusion by deriving an analytical expression for the
instantaneous collapse exponent of the macroscopic concentration
profiles. Second, we account for the concentration-dependent diffu-
sivity in bidisperse mixtures, and we give an asymptotic argument
for the self-similar behavior of such a diffusion process, for which
an exact self-similar analytical solution does not exist. The theore-
tical arguments are verified through numerical simulations of the
governing partial differential equations, showing that concentra-
tion-dependent diffusivity leads to two intermediate asymptotic
regimes: one with an anomalous scaling that matches the experi-
mental observations for naturally polydisperse granular materials,
and another with a “normal” diffusive scaling (consistent with a
“normal” random walk) at even longer times.

transport processes ∣ granular flow

Granular materials are processed, mixed, separated, or other-
wise manipulated for the purposes of a wide array of indus-

tries: agriculture, ceramics, chemicals, energy, manufacturing,
minerals and ores, pharmaceuticals, and metallurgy, to name a
few. It is estimated that the processing of particulate materials
accounts for 10% of all the energy consumed on the planet (1).
Despite the practical implications, the dynamics of flowing gran-
ular materials are poorly understood because they constitute a
complex system away from equilibrium and so are capable of both
chaotic dynamics and self organization (2). Sciencemagazine lists
the physics of granular matter as one of 125 unanswered ques-
tions in science at the beginning of the 21st century (3). When it
comes to powder mixing processes in which segregation is not
significant, diffusion is one of the fundamental mechanisms that
achieves homogenization (4). Though granular materials consist
of macroscopic particles that do not perform thermally driven
Brownian motion, self and collective diffusion in the flow of
groups of particles can arise from agitation processes that lead
to nonequilibrium velocity fluctuations (5–9).

In particular, granular flow in a long rotating horizontal drum
has proven to be a simple but important system to understand
(10). Recently, it has been suggested that axial diffusion in this
system is anomalous (11). Here, “anomalous diffusion” refers to
a class of transport phenomena in which the mean squared dis-
placement of particles follows a power law in time with exponent
different from unity. A common mathematical approach to such
processes is the framework of fractional partial differential equa-
tions that feature noninteger order derivatives (12). In the last
decade, anomalous diffusion has been observed or suggested to
be present in phenomena as diverse as tracer motion in chaotic

laminar flows (13), drainage of particulates from a silo (14), pro-
tein and chromosome transport through cellular membranes (15,
16), shaken granular media (17), motion of colloids in entangled
actin networks (18), flow through disordered porous media (19)
and across human transportation networks (20). Here, we focus
on an apparent paradox of anomalous diffusion in agitated gran-
ular materials, and propose an explanation for the experimental
observations without resorting to the framework of fractional
partial differential equations.

The mean squared displacement of a tracer particle is one of
the most reliable diagnostics for anomalous transport (21), though
it has been argued that even more fundamental measures are re-
quired to distinguish anomalous diffusion from other physical
processes (22). In the case of axial diffusion of grains in a tumbler
(11), due to the opaque nature of the granular materials, measur-
ing individual particle trajectories is a difficult task, which only re-
cently was achieved using high-intensity synchrotron x-rays (23).
Thus, in the rotating horizontal drum in (11), the cross-sectionally
averaged concentration profile of dyed grains was instead mea-
sured by an optical projection technique, and the assessment of
the diffusion process was made on the basis of the macroscopic
theory by collapsing the axial concentration profiles c!z; t" at dif-
ferent times t.

As early as 1954 it was proposed (24) that the concentration
profiles of axially diffusing granular materials in a tumbler can
be modeled by Fick’s laws, the first of which states, in one dimen-
sion, that the particle flux q is proportional to the gradient of
concentration of particles (25), specifically q # −D∂c∕∂z, where
z is the axial coordinate, and D is the diffusivity, which can, in
principle, depend on c and/or z. Conservation of mass, ∂c∕∂t$
∂q∕∂z # 0, then leads to the diffusion equation

∂c
∂t

# ∂
∂z

!
D!c;…" ∂c

∂z

"
; [1]

which can also be derived as the continuum description of point
particles undergoing a random walk with mean squared axial
displacement h!Δz"2i ∝ Dt (26, 27). For decades this macro-
scopic approach has been the accepted engineering model for
granular diffusion (28–30). Moreover, Barenblatt’s intermediate
asymptotics theory (31) indicates that solutions to Eq. 1 for arbi-
trary initial conditions under the requirement that ∫ c!z; t"dz is
constant will eventually converge to the self-similar regime in
which c!z; t" ≃ C!z∕t!"t−! for some invariant profile C!·" and
collapse exponent !; in the linear case with D constant,
! # 1∕2.
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Granular materials do not perform Brownian motion, yet diffusion
can be observed in such systems when agitation causes inelastic
collisions between particles. It has been suggested that axial diffu-
sion of granular matter in a rotating drum might be “anomalous”
in the sense that the mean squared displacement of particles
follows a power law in time with exponent less than unity. Further
numerical and experimental studies have been unable to defini-
tively confirm or disprove this observation. We show two possible
resolutions to this apparent paradoxwithout the need to appeal to
anomalous diffusion. First, we consider the evolution of arbitrary
(non-point-source) initial data towards the self-similar intermediate
asymptotics of diffusion by deriving an analytical expression for the
instantaneous collapse exponent of the macroscopic concentration
profiles. Second, we account for the concentration-dependent diffu-
sivity in bidisperse mixtures, and we give an asymptotic argument
for the self-similar behavior of such a diffusion process, for which
an exact self-similar analytical solution does not exist. The theore-
tical arguments are verified through numerical simulations of the
governing partial differential equations, showing that concentra-
tion-dependent diffusivity leads to two intermediate asymptotic
regimes: one with an anomalous scaling that matches the experi-
mental observations for naturally polydisperse granular materials,
and another with a “normal” diffusive scaling (consistent with a
“normal” random walk) at even longer times.

transport processes ∣ granular flow

Granular materials are processed, mixed, separated, or other-
wise manipulated for the purposes of a wide array of indus-

tries: agriculture, ceramics, chemicals, energy, manufacturing,
minerals and ores, pharmaceuticals, and metallurgy, to name a
few. It is estimated that the processing of particulate materials
accounts for 10% of all the energy consumed on the planet (1).
Despite the practical implications, the dynamics of flowing gran-
ular materials are poorly understood because they constitute a
complex system away from equilibrium and so are capable of both
chaotic dynamics and self organization (2). Sciencemagazine lists
the physics of granular matter as one of 125 unanswered ques-
tions in science at the beginning of the 21st century (3). When it
comes to powder mixing processes in which segregation is not
significant, diffusion is one of the fundamental mechanisms that
achieves homogenization (4). Though granular materials consist
of macroscopic particles that do not perform thermally driven
Brownian motion, self and collective diffusion in the flow of
groups of particles can arise from agitation processes that lead
to nonequilibrium velocity fluctuations (5–9).

In particular, granular flow in a long rotating horizontal drum
has proven to be a simple but important system to understand
(10). Recently, it has been suggested that axial diffusion in this
system is anomalous (11). Here, “anomalous diffusion” refers to
a class of transport phenomena in which the mean squared dis-
placement of particles follows a power law in time with exponent
different from unity. A common mathematical approach to such
processes is the framework of fractional partial differential equa-
tions that feature noninteger order derivatives (12). In the last
decade, anomalous diffusion has been observed or suggested to
be present in phenomena as diverse as tracer motion in chaotic

laminar flows (13), drainage of particulates from a silo (14), pro-
tein and chromosome transport through cellular membranes (15,
16), shaken granular media (17), motion of colloids in entangled
actin networks (18), flow through disordered porous media (19)
and across human transportation networks (20). Here, we focus
on an apparent paradox of anomalous diffusion in agitated gran-
ular materials, and propose an explanation for the experimental
observations without resorting to the framework of fractional
partial differential equations.

The mean squared displacement of a tracer particle is one of
the most reliable diagnostics for anomalous transport (21), though
it has been argued that even more fundamental measures are re-
quired to distinguish anomalous diffusion from other physical
processes (22). In the case of axial diffusion of grains in a tumbler
(11), due to the opaque nature of the granular materials, measur-
ing individual particle trajectories is a difficult task, which only re-
cently was achieved using high-intensity synchrotron x-rays (23).
Thus, in the rotating horizontal drum in (11), the cross-sectionally
averaged concentration profile of dyed grains was instead mea-
sured by an optical projection technique, and the assessment of
the diffusion process was made on the basis of the macroscopic
theory by collapsing the axial concentration profiles c!z; t" at dif-
ferent times t.

As early as 1954 it was proposed (24) that the concentration
profiles of axially diffusing granular materials in a tumbler can
be modeled by Fick’s laws, the first of which states, in one dimen-
sion, that the particle flux q is proportional to the gradient of
concentration of particles (25), specifically q # −D∂c∕∂z, where
z is the axial coordinate, and D is the diffusivity, which can, in
principle, depend on c and/or z. Conservation of mass, ∂c∕∂t$
∂q∕∂z # 0, then leads to the diffusion equation
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"
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which can also be derived as the continuum description of point
particles undergoing a random walk with mean squared axial
displacement h!Δz"2i ∝ Dt (26, 27). For decades this macro-
scopic approach has been the accepted engineering model for
granular diffusion (28–30). Moreover, Barenblatt’s intermediate
asymptotics theory (31) indicates that solutions to Eq. 1 for arbi-
trary initial conditions under the requirement that ∫ c!z; t"dz is
constant will eventually converge to the self-similar regime in
which c!z; t" ≃ C!z∕t!"t−! for some invariant profile C!·" and
collapse exponent !; in the linear case with D constant,
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