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The big picture

“Can we develop a general theory of the dynamics of turbulent

flows and the motion of granular materials? So far, such

‘nonequilibrium systems’ defy the tool kit of statistical mechanics, and

the failure leaves a gaping hole in physics.” — “So Much More to Know ...” (2005)

Motivation:

I Flowing granular materials — a complex system far from equilibrium.

F No “general theory” but simple models can be enlightening.

I Diffusion, rheology, etc. in/of granular flow are not well understood.

Outline of the talk:

1 Simple diffusion experiment with granular materials leads to anomalous
scalings. Fundamentally new physics?

2 Simple shear flow of a “granular continuum” can be addressed by
a rheological model ⇒ new aspects to Taylor–Aris “dispersion”?
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Diffusion of a “granular pulse” in a tumbler
A band of colored particles in a monodisperse granular mixture
diffuses axially as the container is rotated.
(Lacey, J. Appl. Chem. 1954; Carley-Macauly & Donald, Chem. Eng. Sci. 1962)

Many regimes of flow in a tumbler...restrict to continuous flow.

Thin surface shear layer ⇒ velocity fluctuations ⇒ lateral diffusion.

z

2L

ω

2l

c

z
t

(Khan et al., New J. Phys. 2011)
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Anomalous macroscopic vs. normal microscopic scalings
Experimental concentration profiles of an axially diffusing pulse of
dyed black salt grains in white salt grains: (Khan & Morris, Phys. Rev. Lett. 2005)

profiles in Fig. 2(a), where the axial length scale was
transformed as x ! xt!! and the axial concentration of
small grains C"x; t# was transformed as C ! Ct!. The
pulse width increases at the same rate as the pulse ampli-
tude decreases; thus the spreading process is self-similar.
This implies that the integrated concentration is constant
and that no grains are lost from the core. The average
collapse parameter for large salt grains and small sand
grains with a drum rotation rate of 0:62 rev=s is ! $
0:37% 0:03, averaged over ten runs. Similar experiments
were repeated for different combinations of grains at two
drum rotation rates. The results are shown in Table I. We
conclude that cores of small grains spread axially as t!

where !& 1=3< 1=2, independent of grain type and drum
rotation rate within the smoothly streaming regime.

It is interesting to compare the spreading of radially
segregated cores of small grains with the nonsegregating
self-diffusion of the large grains alone. To observe this
experimentally, some of the large grains were dyed black.
These dyed grains were loaded into a drum full of other-
wise identical white grains with a 1.5 mm wide pulse as the
initial condition. The space-time evolution was observed
using standard surface-lighting and imaging techniques
[10,11]. Figure 3(a) shows the concentration profile of
dyed salt particles at various times. These data were col-
lapsed in a similar way as discussed previously, as shown
in Fig. 3(b). Again, we find a collapse parameter !< 1=2.
For runs using salt grains, ! $ 0:29% 0:01, and for runs
using glass spheres, ! $ 0:34% 0:04, each averaged over
five runs. Thus, we conclude that the self-diffusion of
grains in the rotating drum is also subdiffusive, even
when no segregation is involved. We discuss some differ-
ences between these two cases below.

In addition to examining the temporal scaling of the
pulse, we can also measure in detail the functional shape
of the scaling solution. Here it is possible to distinguish
between different subdiffusive processes. We have inves-
tigated two candidate models for radial core spreading: the
fractional diffusion equation (FDE) and the porous me-
dium equation (PME). The fractional diffusion equation is
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where " $ 2! denotes the order of a fractional time de-
rivative [28,29]. Solutions of this linear equation have the
property that the width of a narrow pulse initial condition
grows as t!, where ! ' 1=2. If ! $ 1=2, the solution
reduces to normal Fick diffusion. This FDE model is often
used to describe processes which occur in spaces where
there are temporal or spatial constraints, such as the flow of
tracers through porous media [30]. The FDE has an ana-
lytic series solution in terms of Fox’s H-functions [28,29],
which forms the self-similar scaling solution. We also
examined the PME,
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This nonlinear model describes the spreading of a compact
mound and has the property that for a narrow pulse initial
condition, the width grows as t1=3, and the scaling solution
has a parabolic profile [31].

We fit radial core concentration data collapsed with ! as
a free parameter to the series solution of the FDE, and data
collapsed with ! $ 1=3 to a numerical solution of the
PME, as shown in Figs. 4(a) and 4(b), respectively. We
find that while both solutions model the collapsed concen-
tration profiles reasonably well within experimental error,
the PME has a smaller systematic discrepancy, since the
profiles are better described as parabolic. The FDE solution
has exponential wings and inflection points that are not
obvious in the data. We note, however, that our projection
visualization technique may simply be too insensitive to
detect these tails.

We also fit the nonsegregating self-diffusion of the large
grains to both models and find that the FDE gives a
qualitatively better fit because in this case, the concentra-
tion profiles have tails within experimental resolution,
while the parabolic PME solution does not. Examples of

FIG. 3 (color online). (a) Concentration profiles of a mixing
pulse of dyed black salt grains surrounded by white salt grains.
(b) Collapsed concentration profiles corresponding to (a). The
collapse parameter is ! $ 0:3.

TABLE I. Collapse parameters for the self-similar spreading
of radial cores in various grain types and rotation frequencies.

Large grains
300–420 #m

Small grains
177–212 #m

Rotation rate
(rev=s)

!

Salt Sand 0.31 0:38% 0:03
Salt Sand 0.62 0:37% 0:03
Glass Bronze 0.31 0:31% 0:04
Glass Bronze 0.62 0:29% 0:01
Glass Sand 0.31 0:35% 0:03
Glass * * * 0.31 0:34% 0:04
Salt * * * 0.31 0:29% 0:01
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Mean square displacement (from simulations) vs time for a bed
containing 25% small particles by volume: (Third et al., Phys. Rev. E 2011)

J. R. THIRD, D. M. SCOTT, AND C. R. MÜLLER PHYSICAL REVIEW E 84, 041301 (2011)

homogeneous beds of both 2.2- and 1-mm particles are again
shown.

Consider first slices C, D, and E, which contain only large
particles and are located progressively farther from the initial
interface between the two particle types, with slice C closest
to the interface and slice E farthest from it. There is good
agreement between the mean square deviation of the particles
initially located in slice E and that of a homogenous bed of
large particles. This indicates that far from the interface the
bed behaves as a homogeneous bed of large particles. For slice
C the mean square deviation follows that of a homogeneous
bed of large particles for approximately 1 s but for larger t
the dispersion is smaller than that of the homogeneous case.
It is thought that this deviation is due to the presence of small
particles that reduce the dispersion of the large particles. The
mean square deviation of slice D shows similar behavior to
slice C in that it initially follows the dispersion expected for a
homogeneous bed, but it disperses less than the homogeneous
case at larger values of t . For slice D the deviation from
the homogeneous case occurs later than for slice C, at about
5 s, and for later times the deviation from the homogeneous
case is less pronounced. This is consistent with the deviation
from homogeneous behavior being caused by interactions with
small particles because particles initially located in slice D will
take longer to come into contact with small particles than those
in slice C and will experience a lower concentration of small
particles than particles initially in slice C.

Slices A and B, which contain only small particles, show
that the dispersion of small particles is also affected by the
interface with the large particles. For slice B, located at
the interface between the two particle sizes, the dispersion
is significantly larger than that of a homogeneous bed of
1-mm particles for all times. Furthermore, the gradient of
the mean square deviation increases with time. It is thought
that this is due to the increase in the concentration of large
particles experienced by the particles in this slice as time
increases. Slice A is located at the center of the pulse of 1-mm
particles and initially follows the dispersion expected for a
homogeneous bed of 1-mm particles. However, at larger times
the concentration of large particles experienced by slice A will
increase, causing an increase in the axial dispersion of this
pulse.

The results presented above suggest that the axial transport
within this system is concentration dependent such that
dispersion of the small particles is increased in the presence
of large particles and the dispersion of the large particles
is reduced in the presence of small particles. To investigate
further the influence of composition on axial dispersion within
bidisperse systems, simulations of systems which are initially
well mixed have been performed.

In this work axial transport within initially mixed systems is
quantified by calculating the mean square deviation of particles
within a 150-mm slice centered on the midpoint of the cylinder.
The mean square deviation in the axial position of this group
of particles is calculated every 0.02 s for 20 s. After 20 s a
new central slice is selected and the process is repeated. The
mean square deviations calculated using this procedure have
been found to be independent of the length of the central slice
used in the calculation. This indicates that the axial motion of
the particles within this slice is not affected by the cylinder

end caps. In the following the mean square deviations of the
1- and 2.2-mm particles within the slice of particles being
considered are calculated separately. Note that, although a
higher concentration of small particles was observed close
to the end caps, none of the systems studied here underwent
axial segregation in the central region in which measurements
were made. Furthermore, the number of each type of particle
within this region remained approximately constant once the
bed reached steady state.

Figure 5(a) shows the mean square deviation against time
for the 1-mm particles within a bed containing 25% 1-mm
particles by volume. The eight lines on the graph represent
slices of particles selected at different times and the times
shown in the legend indicate the value of t when the slice of
particles was selected. These data indicate that, following an
initial transient, a steady state is reached in which the mean
square deviation of the small particles increases linearly with
time. This suggests that, after the initial transient, dispersion
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FIG. 5. Mean square deviation vs time for a bed containing 25%
small particles by volume. Times given in the legend indicate the
value of t at which z(0) was evaluated. Mean square deviation of
the (a) small and (b) large particles. The cylinder has a diameter of
48 mm, a length of 240 mm, and is rotated at 30 rpm. The fill level is
approximately 48%.
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Intermediate asymptotics of diffusion

Consider dimensionless diffusion equation

∂C

∂T
=

∂

∂Z

(
D∂C
∂Z

)
,

∂C

∂Z

∣∣∣∣
Z=±1

= 0, C (Z , 0) = Ci (Z ).

In general, we can have D = D(C ,Z , · · · ).

D = 1: random walk with 〈(∆Z )2〉 ∝ t. (Einstein, Ann. Phys. 1905)

I C -dependent jump probability leads to D(C ). (Boon & Lutsko, EPL 2007)

Similarity solution of the form C (Z ,T ) = T−1/2C(ZT−1/2).

initial condition intermediate asymptotics steady state

(Barenblatt, Scaling, Self-similarity, and Intermediate Asymptotics, 1996)
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Optimal self-similar solution

Solutions for arbitrary initial data can be well-approximated (for
D = 1 and T > T ∗) by the point-source similarity solution

C (Z ,T ) =
1√

4π(T + T ∗)
exp

{
− (Z + Z ∗)2

4(T + T ∗)

}
provided that

Z ∗ = −M1

M0
, T ∗ =

1

2

[
M2

M0
−
(
M1

M0

)2
]
,

and Mk :=
∫ +∞
−∞ Ci (Z )Z k dZ .

(Zel’dovich & Barenblatt, Dokl. Akad. Nauk. SSSR 1958)

Note: Z ∗ = 0 in this talk (symmetric initial conditions only).
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Time-dependent anomalous collapse exponents

Data collapses under rescaling C (Z ,T )→ C (Z/Tα,T )Tα.

⇒ we are balancing Tα with
√
T + T ∗, meaning

α(T ) ' ln(T + T ∗)

2 lnT
=


1

lnT

[
lnT ∗ + T

2T∗ +O(T 2)
]
, T → 0,

1
2 + 1

lnT

[
T∗

2T +O(T−2)
]
, T →∞.
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(Christov & Stone, Proc. Natl Acad. Sci. USA 2012)
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Concentration-dependent diffusivity in bidisperse mixtures
Suppose C is the concentration of larger particles, then
D(C ) = 1 + (C − 1/2). (Ristow & Nakagawa, Phys. Rev. E 1999)

Seeking a self-similar solution C (Z ,T ) = T−αC(ζ) with ζ = T−αZ :

0 = C + ζC′ +
(2∓ 1)

2α
T 1−2αC′′︸ ︷︷ ︸
1○

+
1

2α
T 1−3α

(
C2
)′′︸ ︷︷ ︸

2○

.

If α = 1/3, then T 1−2α = T 1/3 � 1 for T � 1.

If α = 1/2, then T 1−3α = T−1/2 � 1 for T � 1.
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Some open problems in granular diffusion

Asymptotic solution matching across both scaling regimes in the
nonlinear case? ?
Account for disparate flow regimes (thin shear layer on top of bulk in
solid body rotation)? (In progress, ICC & HAS.)

Incorporate into axial segregation model? (Aranson & Tsimring, Phys. Rev. Lett. 1999)

(Khan et al., New J. Phys. 2011)

Figure : evolution of mixture of 2/3 0.355–0.420 mm glass spheres and 1/3 small
salt grains with 0.200–0.250 mm over 976 s (400 revolutions).
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Enhanced macroscopic diffusion in shear flow

Diffusive passive tracer advected by a flow in 2D obeys

∂c

∂t
+ vx(y)

∂c

∂x
=

∂

∂x

(
D
∂c

∂x

)
+

∂

∂y

(
D
∂c

∂y

)
.

For L/h� vxh/D0 and |c ′|/c̄ � 1, can separate the evolution of the
mean c̄ from fluctuations c ′ to obtain a macrotransport equation:

∂c̄

∂t
+ vx

∂c̄

∂x
≈ ∂

∂x

(
D̄
∂c̄

∂x

)
− v ′x

∂c ′

∂x
,

∂

∂y

(
D
∂c ′

∂y

)
≈ v ′x

∂c̄

∂x
.

NB: not ‘dispersion’ in the sense of wave-number-dependent phase
speed, but in the sense of ‘dispersal.’

(Taylor, Proc. R. Soc. A 1953; Aris, Proc. R. Soc. A 1956;

Brenner & Edwards, Macrotransport Processes, 1993; Griffiths & Stone, EPL 2012)
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Rheology of dense granular shear flow
Dimensional analysis of pressure-controlled case leads us to

Inertial number I =
tp = d

√
ρp/P

tγ̇ = 1/γ̇
=

γ̇d√
P/ρp

.

Pγ
.

(a) mean deformation time tγ̇ (b) rearrangement time tp

Local rheology introduces a friction coefficient that depends on I :

τxy = µ(I )P, µ(I ) = µ0 +
µ2 − µ0

I0/I + 1
, φ(I ) = φ0 + (φ2 − φ0)I .

µ(0) = µ0 “friction coefficient at yield” and
µ(∞) = µ2 “maximum friction coefficient” for steady flow.
(Forterre & Pouliquen, Annu. Rev. Fluid Mech. 2008; Jop, Thèse De Doctorat 2006)
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Example: granular material an inclined plane

Flow commences if the Mohr–Coulomb yield criterion |τxy | > µP is
satisfied:

µ =
|τxy | = φρpgy sinβ

P = φρpgy cosβ
⇒ µ = tanβ = const.

Recall that local rheology is µ = µ(I ), so solve µ(I ) = tanβ for I :

I

I0
≡ (−∂vx/∂y)d

I0
√
φgy cosβ

=
tanβ − µ0

µ2 − tanβ
⇒ ∂vx

∂y
= −A√y , vx(h) = 0︸ ︷︷ ︸

“no slip”

.

h

β

vx(y)

x

y vx(y) =
2

3
A
(
h3/2 − y3/2

)
“Bagnold profile”

(Bagnold, Proc. R. Soc. Lond. A 1954)

see also (Khakhar, Macromol. Mater. Eng. 2011)
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Diffusivity of granular materials in shear flow

Empirical model based on fitting to experimental data:
(Hwang & Hogg, Powder Technol. 1980)

D = D1︸︷︷︸
“molecular”

+ D2︸︷︷︸
“shear-induced”

∂vx
∂y

Somehow suspicious: no shear (∂vx/∂y = 0) should ⇒ no diffusivity
(D = 0) since granular materials are non-Brownian.

Kinetic theory for moderate φ up to ≈ 0.5 and perfect spheres:
(Savage & Dai, Mech. Mat. 1993)

D = D0d
2

∣∣∣∣∂vx∂y
∣∣∣∣ , D0(φ, e) =

d
√
πT

8(1 + e)φg0(φ)
,

where g0(φ) = (2− φ)/[2(1− φ)3] is the Carnahan–Starling
radial distribution function at contact.

But, we could’ve guessed this from dimensional analysis.
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Taylor–Aris dispersion in granular shear flow on incline

Assume Bagnold velocity vx(y) = 5
3vx [1− (y/h)3/2] and Savage–Dai

diffusivity D = D0d
2|γ̇| = 5

2vxD0d
2
√
y/h.

Since φ-dependence in D is negligible (small variations in volume
fraction in granular flow), this is a special case of Griffiths–Stone:

∂C̄

∂T
=

(
2

3
+

52

4455
Pe2

)
∂2C̄

∂ξ2
, ξ = X − T .

Compare to classical Taylor–Aris result for planar Couette flow:

∂C̄

∂T
=

(
1 +

1

180
Pe2

)
∂2C̄

∂ξ2
.

γ̇-dependence in D leads to some increase in the “dispersivity”
(52/4455 ≈ 0.01 > 0.005 ≈ 1/180)?
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Some open problems related to particle dispersal

Restore φ-dependence in D, maybe using µ(I ) & φ(I ) local rheology?

I NB: in Savage–Dai model D(φ) ∼ 1/φ+O(1).
I This is unlike D(c) ∼ cn dependence in (Griffiths & Stone, EPL 2012).

Consider non-local diffusive transport (fractional/anomalous
diffusion). Is there an analogy to Taylor–Aris there?

Work out other basic granular flows based on µ(I )-rheology and then
study dispersion? “Granular Poiseuille flow”?
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Summary & conclusions

What we have done:

1 Showed that “anomalous” collapse exponents are possible under
“normal” diffusion.

2 Interpreted the latter in terms of Barenblatt’s theory of intermediate
self-similar asymptotics.

3 Showed how to combine basic models for granular rheology (flow) and
diffusion to study a canonical Taylor–Aris dispersion examples.

Thank you for your attention!
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