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Cumulative effects in wave propagation (2006–present)
Nonlinear acoustics (compressible, inviscid, irrotational fluids in 1D),

[1− ε(γ − 1)φt ]φxx − 2εφxφtx − φtt = 1
2ε

2(γ + 1)(φx)2φxx .

(I.C.C, Jordan & C.I.C., Phys. Lett. A, 2006; I.C.C., C.I.C. & Jordan, Q. J. Math. Appl.

Mech., 2007; I.C.C. & Jordan, J. Acoust. Soc. Am., 2015)
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Hyperbolic systems of conservation laws (I.C.C. & Popov, JCP, 2008).

Today: Plane waves under a variable phase speed
(I.C.C. & C.I.C., J. Phys. A, 2011; submitted 2016).
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Waves 101

© 1999 Macmillan Magazines Ltd

John A. Scales and Roel Snieder
Ask your colleagues and students to define a
wave, and you may be surprised at the
answers you get. Even wave professionals are
prone to confusion and vagueness when
confronted with such an apparently simple
question. Students often begin circularly: “a
wave is a solution to the wave equation.” But
what is a wave equation? Professionals are
more likely to mutter something about 
propagation speed, as if smell and heat didn’t
propagate with some speed. Mathematicians
tend to give formal characterizations based
on the hyperbolicity of certain differential
equations.

Just as a definition of noise must be
grounded empirically, so to define a wave we
should look at what nature has to offer. A
preliminary answer might be: a wave is a
propagating imbalance. The imbalance con-
cept is also present in a simple oscillator
where kinetic energy and potential energy
are interchanged during the oscillation.
Hamilton’s principle (that the path taken by
a dynamical system is the one that minimizes
the time integral of the difference between
the kinetic and potential energies) is a for-
malization of this idea of interchange
between the two forms of energy. However,
what makes a wave different from a single
oscillator is that this imbalance propagates.
(Of course, two travelling waves can form a
standing wave, but let us ignore this compli-
cation for the moment.) 

Stable equilibria
At this simplest of levels, the ubiquity of
(classical) waves can be attributed to nature’s
love of stable equilibria. Whatever the forces
that connect bits of matter together (electro-
magnetic or gravitational, for instance), for
small perturbations about a stable equili-
brium point, the forces are approximately
linear; a linear restoring force implies 
harmonic oscillation; and coupled systems
of oscillators support both propagating and
standing disturbances. Linearity also im-
plies superposition, so we can carefully add 
periodic solutions together to get finite wave
‘packets’. So, for small perturbations about
an equilibrium state of coupled or extended
systems, waves are the natural consequence
of the stability of simple harmonic motion.

The miracle of the waves that we see is 
the organization they display, but there 
are examples where this organization is
destroyed. Strong scattering leads to diffusive

behaviour rather than wave propagation. The
scatterers destroy the level of organization in
the incident wave and ultimately lead to dif-
fusive (un-wave-like) behaviour. Similarly,
when a wave breaks on a beach, the advective
terms in the equation of motion couple all the
different length scales in the wave, and the
organization we see in the swell is destroyed.
Ultimately, the wave is dissipated as heat. In
view of these examples, where a wave ceases to
be a wave because of the destruction of its
degree of organization, we are led to modify
our definition of a wave to become: a wave is
an organized propagating imbalance.

Wave propagation is in many situations
described by a linear differential equation. In
reality, nonlinearity is important, and this
nonlinearity may destroy the waves. As an
example, consider the waves on the beach
again. Look far out at the ocean from any
beach, and you will see ripples on the surface

of the water with a period of 5–10 seconds. 
As these ripples approach the beach, their
heights increase until they can no longer
support their own weight and they break 
catastrophically. Mathematically, this is
caused by the nonlinear terms in the 
equation of motion becoming increasingly
important as the waves grow. When non-
linearity becomes important, organized wave
motion changes into turbulent motion. In
this process, it is impossible to state exactly at
which point the wave ceases to be a wave.

Nonlinearity is sometimes essential for
maintaining the organization of a wave. In
solitons, the wave spreading by dispersion is
exactly (and miraculously) offset by the non-
linear steepening of the wave, so that a soli-
tary wave maintains its identity. This means
that nonlinearity can lead to the creation of
organization as well as to its destruction.

The simplest soliton to produce is the

What is a wave?
Most people assum e that a wave, being central to all the phenom ena we
observe, has a uniform  definition. But defining this basic concept isn’t so easy.

commentary

NATURE | VOL 401 | 21 OCTOBER 1999| www.nature.com 739

Figure 1 The recorded wavefield that has propagated through a homogeneous silicon crystal at three
times after excitation at the other side of the crystal. Details of the experiment are given by Wolfe3. 
This example shows that wavefronts in a homogeneous medium can be square rather than round.
(Courtesy of J. P. Wolfe.) 
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To quote the SCOTUS,
“we know it when we see it.”

Example:
u(x , t) = ARe {exp [i(kx − ωt + φ)]},
wavenumber k (m−1),
angular frequency ω (rad/s),
phase speed c = ω/k (m/s),
frequency f = 2π/ω (s−1),
period T = 1/f = 2π/ω (s),
wavelength λ = 2π/k (m),

phase φ. (Wikipedia, Public Domain)
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“Molding the Flow of Light”

92 Spacetime outside a spherical star

Fig. 6.1 (a) The θ = π/2 plane (r, φ) cutting
across the spherical source. (b) In a fictitious
3D embedding space, the physical 2D sub-
space of (a) is shown as a curved surface. In
this example, we have used the Schwarzschild
solution of grr = (1 − r∗/r)−1. The singular
nature of the space at r ≃ r∗ is reflected by
the steep slope of the curved surface near the
Schwarzschild circle.
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2-sphere (r1) has 
area = 4pr1
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2-sphere (r2) has 
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Constant (t, u) plane
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Isotropic metric is time-independent
We note from (6.17) that the scalar metric functions are time-independent even
though we have not assumed a constant source. This turns out to be a gen-
eral result (Birkhoff theorem): whenever the source is isotropic the resultant
spacetime must necessarily be time-independent. The theorem will be proven
in Box 12.3. In the meantime it is worthwhile to point out that the same result
holds for the Newtonian theory as well. Recall that the gravitational field out-
side a spherical source is identical to the gravitational field due to a point source
having all the spherical mass at the center of the spherical source. This proof
depends only on the symmetry property of the problem, and is not affected
by any possible time dependences. Thus, regardless of whether the spherical
mass is pulsating or exploding, etc., the resultant field is the same, as long
as the spherical symmetry is maintained. The analogous situation in electro-
magnetism is the statement that there is only dipole, quadrupole, . . ., but no
monopole, radiation.

6.2 Gravitational lensing

From the consideration of the equivalence principle (EP), Einstein already
deduced (see Section 3.3.2) that there will be a bending of the star light grazing
past the sun. This effect is closely related to the idea of gravitational time
dilation, expressed as a deviation from the flat space metric, see (5.3),

g00 = −
!

1 + 2$

c 2

"

= −1 + 2GNM
c 2r

= −1 + r∗

r
, (6.24)

which we see is part of the exact Schwarzschild solution (6.18). In the full GR
theory, the warping of the spacetime takes place not only in the time direction
g00 ̸= −1, but in the radial spatial direction as well, grr ̸= 1. Here we calculate
the effect of this extra warping on the bending of the light-ray, finding a doubling
of the deflection angle. The bending of the light ray by a massive object can
be linked to that by a lens. In Section 6.2.2 we shall present the lens equation,
and discuss gravitational lensing as an important tool for modern astronomy.

(L) T.-P. Cheung, “Relativity, Gravitation, and Cosmology,” Oxford Univ. Press, 2005

(R) J.D. Joannopoulos et al., “Photonic Crystals,” Princeton Univ. Press, 2008

speed of light c → c(~x) due to bending of space (GR), or

µ0 → µ(~x) (ε0 = const. or vice versa) due manipulation of the path
of light (photonics), c ≡ 1/

√
εµ.

µ is the permeability of free space,
ε is the permittivity of free space.
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Maxwell’s Eqs. with variable permissivity or permeability

Maxwell’s equations in the absence of sources are

∂2{~E , ~B}
∂t2

= − 1

{ε, µ}
∇ ×

(
1

{µ, ε}
∇ × {~E , ~B}

)
.

An Advanced Calculus student’s nightmare...

∂2{~E , ~B}
∂t2

=
1

{ε, µ}
{~E , ~B}·(∇∇−I∇2)

1

{µ, ε}
+

1

{ε, µ}
∇·
(

1

{µ, ε}
∇{~E , ~B}

)
.

Three cases can be unified as

∂2 ~P

∂t2
= c2−α ~P ·

(
∇∇− I∇2

)
cα + c2−α∇ ·

(
cα∇~P

)
,

where α = 2 corresponds to µ0 = µ(~x) (ε0 = const. or vice versa)
and α = 1 corresponds to µ0 = µ0f (~x) and ε0 = ε0f (~x).
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Spherically-symmetric transverse waves

Pr = 0 (i.e., Er = Br = 0), no zenith angle φ dependence.

We make the transformation Pθ(r , θ, t) = Qθ(r , t)/(r sin θ),

∂2Qθ
∂t2

− c2−α(r)
∂

∂r

[
cα(r)

∂Qθ
∂r

]
+
α

r
c(r)c ′(r)Qθ = 0.

Finally, dropping θ subscript,

∂2Q

∂t2
= c2(r)

∂2Q

∂r2
+ αc ′(r)c(r)

∂Q

∂r
− α

r
c(r)c ′(r)Q, α ∈ {1, 2}.

So, how do we understand cummulative effects on plane waves
in media with variable c? (Well, depends on what c is but...)

I The method of multiple scales!
(Cole, Perturbation Methods in Applied Mathematics, 1968; Kevorkian & Cole,

Multiple Scale and Singular Perturbation Methods, 1996)
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Gravitational effects on the speed of light

According a model due to Einstein (Ann. Phys., 1911; Science, 1936),

c = c(r) = c0

(
1 +

Φ(r)

c2
0

)
, Φ(r) = −GM

r
,

where G = 6.67300× 10−11 m3kg−1s−2, c0 = 299, 792, 458 m/s.

A correction arises due to effect of the spatially-varying fundamental
tensor in GR:

c(r) = c0

(
1 + 2

Φ(r)

c2
0

)
= c0

(
1− δ

r/r0

)
, δ :=

2GM/c2
0

r0
,

where δ is the ratio of the Schwarzschild radius to the actual radius of
the emitting body (“deviation from a flat spacetime”).

δ ≥ 1⇒ black hole, so δ � 1 for most objects.
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Setting up the fast/slow scales

Dimensionless temporal and spatial variables

τ = t/(ω−1
0 ), x = (r − r0)/(c0/ω0) = ε−1(r/r0 − 1) ⇔ r = r0(1 + εx),

where ε := (c0/ω0)/r0 � 1, i.e., wavelength is small compared to
emitting body radius.

Introducing a “long” spatial variable x1 = εx ,

c(r) = c0ĉ(x1), ĉ(x1) := 1− δ

1 + x1
.

Partial derivatives transform as ∂t = ω0∂τ , ∂r = (r0ε)
−1∂x , and

∂2q

∂τ2
= ĉ2(x1)

∂2q

∂x2
+ αεĉ(x1)ĉ ′(x1)

∂q

∂x
− αε2

1 + εx
ĉ(x1)ĉ ′(x1)q,

where q(x , τ) = Q(r , t)/Q0, and a primes denotes differentiation
w.r.t. argument.
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Slowly-varying plane wave ansatz

Can skip the introduction of a “short” time τ1 = ετ and proceed
directly to the ansatz (similar to WKB),

q(x , τ) = A(x1) exp[iτ − ik(x1)x ].

Under this ansatz, derivatives are, within O(ε2),

∂2q

∂τ2
= −A exp(iτ − ikx),

∂q

∂x
=
(
εA′ − ikA− ixεk ′A

)
exp(iτ − ikx),

∂2q

∂x2
=
[
−k2A− 2iε(kA′ + k ′A)− 2εxkk ′A

]
exp(iτ − ikx).

Finally,(
1− ĉ2k2 − 2εxĉ2kk ′

)
A− 2iεĉ2

(
kA′ + k ′A

)
− αiεĉ ĉ ′kA = 0.
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Solving for wavenumber k and amplitude A

Separating the real and imaginary parts of this last equation, we
arrive at the system (a bit like Eikonal & transport eq. in WKB)

1− ĉ2
(
x1k

2
)′

= 0,(
kA
)′

+
αĉ ′

2ĉ
kA = 0.

Can be integrated to yield

k2(x1) = 2+
1

(1− δ)x1
+

(1 + x1)2

(δ − 1− x1)x1
+

4δ

x1
tanh−1

(
x1

2− 2δ + x1

)
.

Similarly,

A(x1) =
1

k(x1)ĉα/2(x1)
,

where ĉ(x1) = 1− δ/(1 + x1) and α ∈ {1, 2}.
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Cumulative effect on the wave number

For δ � 1 (small deviation from a flat spacetime),

k2(x1) ' 1 +
2δ

x1
ln(1 + x1).

or

k(x1) ' 1 +
δ

x1
ln(1 + x1).

Thus, k(0) ' 1 + δ and k(∞) = 1 [redshift].

Then, the relative change in the wavenumber, as measured by a
distance observer at x1 = X1 � 1 from the emitting surface, is

k(X1)− k(0)

k(0)
' −δ

[
1− ln(1 + X1)

X1

]
.
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Cumulative effect on the wave frequency
Frequency is ω(X1) = ĉ(X1)k(X1) ' k(X1) to the lowest order in δ
so, in the original variables, within O(δ2),

ωrec − ωem

ωem
' −δ

[
1− ln(r/r0)

r/r0 − 1

]
.

Meanwhile, a quasi-constant light-speed approximation yields

ωrec − ωem

ωem
' −k0c(r)− k0c(r0)

k0c(r0)
= −δ

(
1− 1

r/r0

)
.

5 10 50 100 500 1000
r!r0

0.2

0.4

0.6

0.8

1.0

difference

1 !
1

r ! r0
1 !

ln "r ! r0#
r ! r0 !1
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The Doppler effect: Introduction

© CBS

First analyzed by Christian Doppler in the 19th century; now a
cornerstone of classical and modern physics.
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Classical Doppler

Source moving with constant v towards fixed observer. Wave crests,
initially emitted at wavelength λ (and arriving at period T ) apart,
start “bunching up”:

λD = λ− vT < λ.

Measured wavelength is changed, hence heard frequency is as well:

fD ≡
c

λD
=

c

λ− vT
=

1

λ/c − v/cT
=

1

2π/(kc)− v/c(2π/ω)

or

ωD ≡ 2πfD =
2π

2π/ω − v/c(2π/ω)
=

ω

1− v/c
.

fD > f is the frequency of the train whistle the cowboy hears when
the train is approaching.
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Accelerated Doppler: Non-constant v
Simple experiment using a loudspeaker on an air track

DATA ANALYSIS

In this experiment, the observer !microphone" is always at
rest, so Eq. !1" will reduce to

f !! f
v

v"vs
, !2"

when vo!0. In the data presented here, the rest frequency on
the function generator was set to 1000.0 Hz. This 1000.0-Hz
sound is recorded with the sound card, and the frequency is
determined by plotting the data using the Microsoft Excel
spreadsheet program. We then manually count how many
oscillations occur in a given time period. From this we de-
termine an oscillation frequency of f!1012.9 Hz, which we
use in all subsequent calculations, since it reflects the re-
sponse of our measuring device !the sound card" to sound.
This frequency is within 2% of the setting on the function
generator. The velocity of the cart can be found in a variety
of ways.
In method one, most suitable for introductory physics

laboratories, the Doppler shifted data are plotted. The fre-
quency of these data will be f !, which is visually determined

by graphically determining the time, #n , between n peaks !or
valleys" in the sound data. From this, f ! can be calculated to
be f !!n/#n . Once f and f ! are known, the velocity of the
cart can be calculated by solving Eq. !2" for vs to get

#vs!v! 1$
f
f !" . !3"

In practice, we also set up a conventional photogate timer
that the cart will pass through during the sound recording.
This allows for a more direct speed calculation that can be
compared with the Doppler version. Results of data analyzed
in this manner are summarized in Table I. Here two analysis
results are summarized, one for the cart moving toward the
microphone, and the other for the cart moving away from the
microphone.
Method two uses a slightly more advanced analysis. Here

the rest data and Doppler shifted data are ‘‘beat’’ against one
another by subtracting one data set from the other. Subtract-
ing two data sets is readily done using Microsoft Excel.
Pushing the cart by hand gives a very small Doppler shift;
hence f ! and f are nearly equal, making the data sets ideal
candidates for beat analysis. By plotting the difference, the
beat frequency, or intensity modulation, can be determined
visually. The beat frequency is f b! f$ f !. Since f b is now
known experimentally, f ! can be eliminated from Eq. !3" to
find the speed of the cart:

vs!v! 1$
f

f$ f b
" . !4"

Note that the beat frequency is independent of the phase
between the two original signals, so it is not necessary to
somehow phase lock the acquisition of the f and f ! data. A
typical beat pattern obtained using this method is shown in
Fig. 3. Once such a plot is obtained, the beat frequency can
be determined visually. Results of data analyzed in this man-
ner are summarized in Table II, for cart pushes both toward
and away from the microphone.
The third and final method for determining the cart’s ve-

locity uses a still more advanced approach and is suitable for
upper division labs. It employs the Fourier transform to de-
termine f and f !. Here, the microphone data !time domain
data" are loaded into data analysis software and a numerical
fast Fourier transform !FFT" is performed. The frequency
domain power spectrum will show a single peak centered
about the oscillation frequency of the time domain data.
Hence, f and f ! can be found from the peak positions in the
FFT spectrum. Once f and f ! are known, Eq. !3" can be used
to determine the velocity of the cart. The results of such
analysis are shown in Fig. 4.
Figure 4 contains the results of three separate data sets.

The central peak is the FFT of the data taken while the cart is

Fig. 1. The experimental apparatus used in this work. Note that the cart can
be freely pushed directly toward or away from the microphone. The white
wire coming from the speaker is twin-lead, and is connected directly to a
function generator.

Fig. 2. Typical raw data captured by the sound card for a cart on an air track
pushed away from the microphone !observer". Region I contains only the
1000.0-Hz fast oscillation, after the function generator was turned on but
before the cart is pushed. The region I/region II boundary is where the cart
is pushed. Region II is the sound captured from the speaker mounted on the
cart moving at constant velocity. Region III contains the sound of the cart
crashing at the other end of the air track.

Table I. Analysis results by visual determination of f !.a

Cart direction f ! !Hz" vDoppler !m/s" vphoto !m/s" Discr

Away 1009.4#0.1 1.18#0.2 1.14#0.02 3.5%
Toward 1016.4#0.1 1.28#0.2 1.33#0.02 3.6%

aSpeed of a moving source found by directly determining f ! by visual in-
spection of the Doppler shifted data. Here vDoppler is the velocity calculated
using the Doppler formula and experimental values for f and f !. vphoto is the
velocity found using a conventional photogate timer.

1232 1232Am. J. Phys., Vol. 69, No. 12, December 2001 T. J. Bensky and S. E. Frey

(Bensky & Frey, Am. J. Phys., 2001); see also (Azooz, Am. J. Phys., 2007)

suggest that

ωD(t) =
ω

1− Ẋ (t)/c

holds for non-constant source velocity; position X (t), velocity Ẋ (t),
acceleration Ẍ (t) 6= 0.

Can we perform a calculation to justify this?
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Motivation: George Carrier’s “Spaghetti Problem”

What are the eigenmodes of a uniformly accelerated shortening string?

THE SPAGHETTI PROBLEM 

G. F. CARRIER, Brown University 

1. Introduction. There are two problems concerned with the lateral vibra- 
tions of strings which should be of considerable popular and academic interest. 
They are: (1) the problem of describing the motion of a cord of finite length as it 
is accelerated vertically through an orifice (this is related in an obvious way to 
the title), and (2) the guitar string oscillation problem wherein one slides a rigid 
support along an oscillating elastic string. Experimentally, the results to be ex- 
pected are well-known. In the first case the amplitude of the oscillation usually 
increases sufficiently so that the cord frequently "slaps" the plate containing the 
orifice. In the second, the intensity of the generated acoustic waves seems not to 
increase but the pitch certainly rises. 

Here, we shall discuss the eigenvalue problems associated with these phe- 
nomena and shall attempt to predict the proper behaviors. In order that the 
problem be tractable and the methods elementary, we shall, of course, use a 
linearized (small oscillation) theory. 

IA 
+ct) 

I}X 

2. The Spaghetti Problem. Let us consider a cord of density p and cross 
sectional area A, which is being drawn vertically upward through an orifice 
with constant acceleration. In fact, let the motion of the cord be such that the 
distance of the lower end from the orifice is (1 +ct')2, so that 2c2 is the accelera- 
tion of the string and t' is the time. If we now fix the origin of the distance co- 
ordinate x (note the figure) at the lower end of the string, its effective unit 
weight in the accelerating system is p(g+2c2) =w, where g is the acceleration of 
gravity. 

669 

(Carrier, Am. Math. Monthly, 1949); detailed analyses by (Balazs, 1961; Greenspan, 1963;

Cooper, 1993; ...) in J. Math. Anal. Appl.
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Model problem: A moving boundary IBVP

Consider (c0 = const.)

∂2U

∂t2
− c2

0

∂2U

∂x2
= 0, Xs(t) < x <∞, 0 < t <∞.

BC (accelerating source emitting monochromatic harmonic waves):

U
(
Xs(t), t

)
= eiω0t , Xs(t) := v0t + aα(Ωt), t > 0,

where α is a specified dimensionless fucnt. (nonlinear in its argument).

Supplement with a Sommerfeld radiation condition,

lim
x→∞

(
∂U

∂x
+ iκU

)
= 0,

where κ is the spatial wave number; “+” ensures waves are outgoing
at x =∞. [Work with complex U, take Re at the end...]

Ivan C. Christov (Purdue ME) Waves in media with variable phase speed March 11, 2016 17 / 29

http://purdue.edu/


Introduction Spatially dependent c The Doppler effect A moving IBVP Multiple-scale expansion Summary

Reformulation on a fixed domain
Moving frame coordinates are

ξ = x − Xs(t) ≡ x − v0t − aα(Ωt), t = t.

Then,

∂2

∂t2
=

∂2

∂t2
− 2(v0 + aΩα′)

∂2

∂ξ∂t
− aΩ2α′′

∂

∂ξ
+ (v0 + aΩα′)2 ∂

2

∂ξ2
,

∂2

∂x2
=

∂2

∂ξ2
,

Letting U(x , t) = Ũ(ξ, t),

∂2Ũ

∂t2
− 2(v0 + aΩα′)

∂2Ũ

∂ξ∂t
− aΩ2α′′

∂Ũ

∂ξ
−
[
c2

0 − (v0 + aΩα′)2
]∂2Ũ

∂ξ2
= 0,

0 < ξ <∞, 0 < t <∞,

which is a wave equation with variable coefficients.

Keep in mind that hyperbolicity requires that

|Ẋs(t)| ≡ |v0 + aΩα′(Ωt)| < c0.

Ivan C. Christov (Purdue ME) Waves in media with variable phase speed March 11, 2016 18 / 29

http://purdue.edu/


Introduction Spatially dependent c The Doppler effect A moving IBVP Multiple-scale expansion Summary

Nondimensionalization

Dimensionless independent variables and dimensionless parameters:

τ = t/(ω−1
0 ), η = ξ/(c0/ω0), β := v0/c0, δ := aΩ/c0, ε := Ω/ω0 � 1.

Letting Ũ(ξ, t) = Û(η, τ), we have

∂2Û

∂τ 2
− 2
[
β + δα′(ετ)

] ∂2Û

∂η∂τ
− εδα′′(ετ)

∂Û

∂η
−
{

1−
[
β + δα′(ετ)

]2} ∂2Û

∂η2
= 0,

0 < η <∞, 0 < τ <∞.

Finally, the boundary and radiation condition become

Û(0, τ) = eiτ , lim
η→∞

(
∂Û

∂η
+ ikÛ

)
= 0,

where k = κc0/ω0 is the dimensionless wave number.
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Setup and preliminaries

Introduce a “fast” time t0 = τ , a “slow” time t1 = ετ , a “short”
spatial coordinate y0 = η and a “long” spatial coordinate y1 = εη.

PDE becomes, note the slowly varying coefficients,

∂2Û

∂τ2
− 2β̃(t1)

∂2Û

∂η∂τ
− εδα′′(t1)

∂Û

∂η
−
[
1− β̃2(t1)

]∂2Û

∂η2
= 0,

where β̃(t1) := β + δα′(t1).

Let Û(η, τ) = U(y0, y1, t0, t1), partial derivatives transforming as

∂2Û

∂τ 2
=
∂2U
∂t2

0

+ 2ε
∂2U
∂t0∂t1

+ ε2 ∂
2U
∂t2

1

,

∂Û

∂η
=
∂U
∂y0

+ ε
∂U
∂y1

,
∂2Û

∂η2
=
∂2U
∂y2

0

+ 2ε
∂2U
∂y0∂y1

+ ε2 ∂
2U
∂y2

1

,

∂2Û

∂η∂τ
=

∂2U
∂y0∂t0

+ ε
∂2U
∂y0∂t1

+ ε
∂2U
∂y1∂t0

+ ε2 ∂2U
∂y1∂t1

.
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Setup and preliminaries (continued)

Upon introducing these into the PDE, keeping only terms up to ε,

∂2U
∂t2

0

−2β̃(t1)
∂2U
∂y0∂t0

−
[
1−β̃2(t1)

]∂2U
∂y2

0

+2ε
∂2U
∂t0∂t1

−2εβ̃(t1)
∂2U
∂y0∂t1

−2εβ̃(t1)
∂2U
∂y1∂t0

−2ε
[
1−β̃2(t1)

] ∂2U
∂y0∂y1

−εδα′′(t1)
∂U
∂y0

+O(ε2) = 0.

We proceed in the usual manner by a regular expansion:

U(y0, y1, t0, t1) = U0(y0, y1, t0, t1) + εU1(y0, y1, t0, t1) + · · · .

The (first) BC becomes

U0(0, 0, t0, t1) = eit0 , Uj(0, 0, t0, t1) = 0 (j > 0).
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The leading-order problem

Then, at the leading order, we have

L0[U0] = 0, L0 :=
∂2

∂t2
0

− 2β̃
∂2

∂y0∂t0
− (1− β̃2)

∂2

∂y2
0

.

N.B.: β̃ does not depend on the fast time t0.

Clearly, a solution of the form

U0(y0, y1, t0, t1) = A0(y1, t1)eit0−iky0+iψ0(y1,t1)

exists provided that

−1− 2β̃k +
(
1− β̃2

)
k2 = 0 =⇒ k =

β̃ ± 1

1− β̃2
=
±1

1∓ β̃
.

Must pick the upper sign in the expression for k
(⇒ k = 1/(1− β̃) > 0) to satisfy the radiation condition.
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The O(ε) problem

Continuing to O(ε), we must now solve

L0[U1] = −2
∂2U0

∂t0∂t1
+2β̃

∂2U0

∂y0∂t1
+2β̃

∂2U0

∂y1∂t0
+2
(
1−β̃2

) ∂2U0

∂y0∂y1
+δα′′

∂U0

∂y0
.

Denote the RHS as F, and evaluate it based on U0 from :

F(y0, y1, t0, t1) =

{
− 2

(
i
∂A0

∂t1
−A0

∂ψ0

∂t1

)
+ 2β̃

(
−ik

∂A0

∂t1
+ kA0

∂ψ0

∂t1

)

+2β̃

(
i
∂A0

∂y1
−A0

∂ψ0

∂y1

)
+2
(
1−β̃2

)(
−ik

∂A0

∂y1
+ kA0

∂ψ0

∂y1

)
−iδα′′kA0

}
eit0−iky0+iψ0 .

Of course such an RHS will produce secular terms because
eit0−iky0+iψ0 is in the nullspace of L0.

Therefore, choose A0 and ψ0 so that F ≡ 0.

Ivan C. Christov (Purdue ME) Waves in media with variable phase speed March 11, 2016 23 / 29

http://purdue.edu/


Introduction Spatially dependent c The Doppler effect A moving IBVP Multiple-scale expansion Summary

The O(ε) problem (continued)

Separate real and imaginary parts of stuff in {· · · }, assuming A0 6= 0,

(1 + β̃k)
∂ψ0

∂t1
−
[
β̃ −

(
1− β̃2

)
k
]∂ψ0

∂y1
= 0,

(1 + β̃k)
∂A0

∂t1
−
[
β̃ −

(
1− β̃2

)
k
]∂A0

∂y1
= −1

2δα
′′kA0,

a system of two decoupled hyperbolic PDEs, one with a source.

Proceed by the method of characteristics, to get a set of ODEs:

dt1

ds
= 1 + β̃(t1)k ,

dy1

ds
= −

{
β̃ −

[
1− β̃2(t1)

]
k
}
,

dψ0

ds
= 0,

dA0

ds
= −1

2δα
′′(t1)kA0,

where ψ0(y1, t1) = ψ0(s) and A0(y1, t1) = A0(s).
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Finishing up the integrations and putting it all together...
We eliminate the slow/fast temporal/spatial coords to get

Û(η, τ) ∼ exp

{
−δ

2

[
α′
(
(1− β)ετ − δα(ετ) + εη

)
− α′

(
(1− β)ετ − δα(ετ)

)]}
× exp

{
i

[
τ − η

1− β̃(ετ)

]}
.

Returning to the fixed frame, in dimensional vars,

U(x , t) ∼ exp

{
−δ

2

[
α′
(
(1−β)Ωt+xΩ/c−βΩt−2δα(Ωt)

)
−α′

(
(1−β)Ωt−δα(Ωt)

)]}

× exp

{
i

ω

1− β − δα′(Ωt)

[
t − x/c−δα′(Ωt)t + δΩ−1α(Ωt)

]}
.

And, in the limit δ → 0 (no acceleration, Ẋs(t)/c → β = const.),

U(x , t) ∼ exp

{
i
ω

1− β

[
t − x/c

]}
.
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Interpreting the multiple-scales solution

Our plane wave from “Waves 101” is AM(x , t) Re
{

eiFM(t)ω[t−x/c+φ(t)]
}

.

1 The frequency modulation (FM) factor is

FM(t) :=
ωD(t)

ω
=

1

1− [β + δα′(Ωt)]
, Ẋs(t)/c ≡ β + δα′(Ωt),

2 The amplitude modulation (AM) factor is

AM(x , t) := exp

{
− δ

2

[
α′
(
(1− β)Ωt + xΩ/c − βΩt − 2δα(Ωt)

)
− α′

(
(1− β)Ωt − δα(Ωt)

)]}
.

3 There’s also the time-dependent phase shift
φ(t) = −δα′(Ωt)t + δΩ−1α(Ωt).
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Example: Oscillating source
For example,

α(t) = sin(t) ⇒ α′(t) = cos(t), max
t≥0
|α′(t)| = 1, α(0) = 0.

Can compute AM(x , t) and FM(t) exactly.

Figure: Re[AM(x , t)eiFM(t)ω(t−x/c)] (solid curves) for two receivers in the
fixed frame; ε = 0.1, β = 0, δ = 0.2; ωx/c = 0.1 (left) and ωx/c = 10
(right). AM (dashed curves), the harmonic wave Re[eiω(t−x/c)] (dotted
curves).
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An open problem

Broadening of the spectral peak, enhanced secondary peak. Why?

(Bensky & Frey, Am. J. Phys., 2001)

Hypothesis: the variable phase shift φ(t) might have something to do
with it. [Think power spectrum of sin(t) vs. sin(t + t3)...]
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Summary

First results on cumulative effects due to variable phase speed on
plane wave propagation.

Consistent multiple scales asymptotic treatment, free of secular
terms.

New implications for accelerated Doppler shifts (frequency and
amplitude modulations).

Refs.: I.C. Christov and C.I. Christov, “An improved formula for the frequency shift due

to a variable phase speed,” J. Phys. A: Math. Theor. 44 (2011) 112001,

doi:10.1088/1751-8113/44/11/112001.

I.C. Christov and C.I. Christov, “On mechanical waves and Doppler shifts from moving

boundaries,” under review.

Thank you for your attention!
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