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Introduction
@0

The Big Picture

@ Motivation:

» Better understand how the dynamics of discrete quasi-particles arise
from the dynamics of continuous coherent structures (e.g., solitons).

» Develop simple models for a given property of a coherent structure in a
(non-)integrable nonlinear evolution equation.

@ Outline of the talk:
@ Intro: Coupled nonlinear Schrédinger equations (CNLSE).

Coarse-grain (variational) description of dynamics of polarization of
CNLSE solitons.

© 2-soliton case, motivating example: sine-Gordon solitons as point
particles with variable mass/size.

Towards a simple model for the dynamics of polarization in
CNLSE 2-soliton interactions?
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Background

e Variational approximation (VA):

» Sugiyama (PTP, 1979): ¢* equation, TWS ansatz.
Anderson (PRA, 1983): nonlinear Schrédinger eq., Gaussian ansatz.
Ueda & Kath (PRA, 1990): coupled NLS eq's, ~TWS ansatz.
Kaup & Malomed (Phys. D, 1995): variational principles and
approximation for dissipative equations, ...

vvyy

o Collective-variable/coordinate (CV) approach:
» Rice (PRB, 1983): sine-Gordon equation, TWS ansatz.
» Campbell, Schonfeld & Wingate (Phys. D, 1983): ¢* equation, TWS
ansatz, numerical study of kink disintegration.
» Willis et al. (PRA-B-E, Phys. D, ca. 1989 to 1998): sG and ¢* eq's,
“Hamiltonian projection-operator approach,” ...

@ Coarse-grain description:

» (I.C.C. & C.I.C., PLA, 2008, DCDS, 2009): apply VA using
appropriately chosen CVs to study physics of interacting
nonlinear waves as (quasi-)particles (QPs).
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Coupled Nonlinear Schrodinger Equations

@ Model eq’s for light propagation in isotropic Kerr media:

e + B + [ | + (a1 + 2m)|¢f> ]y =0,
ide + B +[ lof +Har+ 2m)Y)? Jo=0,
el N—— ~——

dispersion self-focusing cross-modulation

e Manakov (JETP, 1974) showed system is integrable only for ap = 0.

@ Solution ansatz based on a Manakov-type 1-soliton solution:

P(x, t; v, ny, X, 6y) = Ay sech[by(x — X)] exp {i {éx + nyt + 54 } ,

4

(x, t; v, ng, X,04) = Agsech[by(x — X)] exp {i [ZBX + npt + (54 } .
@ Plug into PDEs to show that

X = xp + vt, blzmj = ﬁ_l (n¢7¢ + %fv2) [n¢7¢ > —%VZ] .
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Coarse-Grain (Variational) Description for CNLSE

@ For a two-wave field we can formally write
<¢> — Xx — Xu(t), (other CVs)] + X[x — Xa(t), (other CVs)s]

¢
TrRAetA 111 PN Kty SEM B P 11 DA oMy By -
@ Neglect Yinteraction because the interaction is captured by CVs.

© CNLSE is the condition for stationarity of the following Lagrangian:

+oco

Lw.dit) = [ 0~ B + 563 - 5:8) - L +10xP)

+ S+ 6)° + 20260 dx.
= Compute L based on the ansatz for (1, $)".
@ Find the Euler—Lagrange equations for the CVs.

@ Notes: Y is a CNLSE 1-soliton; can show ||Xinteraction|| < [IX]| a
posteriori; initially well-separated QPs: |X1(0) — X2(0)| > 1.
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Polarization: 1 QP
[ Je]

Variational Description of 1 CNLSE QP (I)

@ Suppose ny, # ng; as an approximation take Ay and Ay as CVs.
@ What are the possible types of soliton “polarizations”?
o Coarse-grained (discrete) Lagrangian can be calculated:

2ny 8+ XX e 2nyB8 + XX Aziﬁzbw/\2 B2b¢
by ¥ by @ 3 v

2
AL+ (o1 + 2a2) €(ny, ny) ALAL.
3by NA g

]L(X7A’¢”A¢; t) = <

2
_Z a4
+a13bw B T

a hard integral
@ Corresponding Euler—Lagrange equations for the CVs are
X =0,
(—6ny — 2/3b¢)Aw + 4a1A + 3(0u + 202) by, €(ny, n¢)A¢A¢ =0,
(=6ng — 28b3) Ay + 41 A% + 3(au + 202) by €(ny,, ng)AZ, Ay = 0.

o Can show either A2 /k2 + A2 / = const. (“elliptic” polarization).
° = Ad} + Aé = const. ( C|rcu|ar polarization) if ny = ny.
@ Or, either Ay, =0 or A, =0 ("“linear”" polarization).
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Variational Description of 1 CNLSE QP (II)

@ For circular polarization: ny = n4 = n, parametrize amplitudes as
Ay = Acost, Ay = Asing.
o Coarse-grained (discrete) Lagrangian can be calculated:

A2 . 4A
L(X,0;t) = ——=XX ———sin?(26).
(X,6;t) b3 + az 35 sin“(20)
@ Corresponding Euler-Lagrange equations for the CVs are
L A2 L 4A%
ﬁ = —wx = 0, E = CE2¥ Sln(49) =0.
@ Solutions of the latter are
X(t) = xp + wot; 9(t):m%, meZ, or ap=0.

@ For 6§ = 45°, Manakov's solution persists in the non-integrable
case (a2 # 0); when az = 0 (integrable case) all 6 are allowed.
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Polarization: 2 QPs
@0

Effect of Phase on 2-Soliton CNLSE Interactions (6 = 45°)

[Credit: Fig. 1 in Todorov & C.I.C. (DCDS, 2009); conservative FD scheme approach.]
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(@) 6 =8, =0° (b) 8 = 0°, 6, = 90°
@ No initial phase between components = Manakov solitons persist.
@ Initial phase = different Manakov solitons emerge after collision.

» Change occurs quickly during interaction: polarization shock
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Polarization: 2 QPs
(o] J

2 QPs with 2 CVs Each for CNLSE?

@ Restrict to circular polarization; take X;s & 6;s as CVs.
@ Result is an unwieldy discrete Lagrangian...

A2 - 8a A2 . 8«
L= 7—1X1X1 + —ZA‘{ sin? 61 cos? 01 — —2X2X2+—2Ag sin? 6> cos? 0o
b1 3by b8 3by

— /+°° dx®R H. ‘712;‘72 X +i(m 4 np) + by Xy tanh[by (x — X1)] — by Xp tanh[by(x — xz)]} (W19, + ®162)]
—oo
—R [{91 cot 01 — 0 cot 92} \Ul‘I/z] —R [{79'1 tan 61 + 05 tan 02} 4)1'52]
_ /j: dxR { {iba X4 tanh[by (x — Xp)] — iby Xp tanhlby (x — X1)] + 28b1 by tanh[by (x — Xy)] tanh[by (x — X)) }
X (W1W; +®1‘52)}
+5 _f: dxx{zm[(wl%ﬂ +2R[(®182)°] + 4 ([W1 1 + (0117 + V2] + [05]%) R[W1 5]
+4 (W1 + 101 + (W + [02]7) R®185] + 4]W1|*|W2|* + 2/ |01]

20 12 24 12 o x e
+2|Wp[7[®2]7 + 4|1 || o] +43R[‘V1‘V2¢1¢2]+4§R[‘U2‘V1¢1¢2]}

Foe 2 = 21612 2. 12 2 =
+2a dxq 2[W[“R[P1P] + [Wo|7[P1 | + [Wy|7[P2]7 + 2[Wa|“R[P1P;]
—oo

42|01 PRV W] + 2| o |2R[W, p] + 2R[W Updy By] + 2%[w1®2¢261]}
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Simpler Example (sG)
000

Coarse-Grain Description of sine-Gordon Solitons
e Perring & Skyrme's (Nucl. Phys., 1962) model unified field equation
Upr — Uy = —Sin U,
which renders the following Lagrangian stationary:

1 [t
LZE/ u? — u? + 2(cos u — 1) dx.

@ It has a kink 1-soliton solution:
®(&; a) = 4arctan[exp(ag)],
@ For a two-wave field we can formally write
u(x,t) = ®[x — X1(t); a1(t)] + P[x — Xa(t); a2(t)] + small.
@ Suppose a;(t) =1, X;, X; < 1. Then (1.C.C. & C.I.C., PLA, 2008),
L = 1My X7 + Mo (Xo — Xo) X1 Xo +1Mp X2 —  U(Xo — X1)
N NI

cross-mass interaction potential

—00
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Simpler Example (sG)
0®0

2 Quasi-Particles with 2 Collective Variables Each
e Butifa;p#1(l.C.C. & C.I.C., DCDS, 2009) we end up with

. 2 32 2y
L:4a1(x12—1)+l‘1§ ——+432(X2 —1)+lﬁ -t
3 a3 3a a
Tharar(1 — X1 X0) / sech[a;(x — X1)] sech[az(x — X2)] dx
—o0
+o0
+4a414 / (x = X1)(x — X2) sech[a1(x — X1)] sech[az(x — X2)] dx
. +oo
F4a1a2 X2 / (x — X1) sech[a1(x — X1)] sech[az(x — X2)] dx
. +o00
Taa X, / (x — Xo) sech[ar (x — X1)] sech[as (x — Xo)] dx

dx.

/*00 sinh[a1(x — Xi)]sinh[az(x — X2)] — 1
:F cosh?[a1(x — X1)] cosh?[az(x — X2)]

@ Cannot evaluate these integrals analytically...

e Expand asymptotically for moderate phase speeds: a; = 1 — €27;.
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Simpler Example (sG)
ooe

2 QPs with 2 CVs Each: Interaction, Mass Exchange

e Compute variational derivatives 0L /6 X1, 6L/da1, 6IL/dX> and
0lL/day to get highly nonlinear stiff system of 4 ODEs that is not
resolved with respect to the highest order derivatives.

e Can solve by a semi-empirical fixed-point iteration scheme (I.C.C. &
C.I1.C., DCDS, 2009).

X0, X,(0) a;(1), ax(t)

LisF

1.05 &=

@ QPs do not “pass through each other”:
» = exchange of identity during interaction!

Ivan C. Christov (NU) Dynamics of Polarization in CNLSE


http://www.esam.northwestern.edu

Back to Polarization
[J

Simple Model for Polarization?
@ Ad hoc modification of the discrete Lagrangian decouples X;s & 6;s:
L ~ Cicos(01 — 02) — Go(61 + 6) sin(01 — 02) + a2 Cs cos(46:) + a2 Cy cos(46:)
+1(a1+a2)Gs {cos[2(61 — 62)] — 3 cos[2(61 + 62)]}+4c2 Cr cos(61—62) sin(01+62)>.

e Find E-L equations for 01, 6> and integrate ODEs numerically.
0

(a) 91 = 92 = 45°
e Consistent with C.I.C. & Todorov (DCDS, 2009) for
5¢71 = (5¢71 = 5¢72 = (5¢72 =0.
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Summary & conclusions

@ What we have done:

@ Coarse-grain description of a single CNLSE QP captures its polarization
dynamics.

@ For two CNLSE QPs, neither an exact nor an asymptotic evaluation of
the discrete Lagrangian LL appears possible.

* Approach to coarse-graining 2-QP interactions in sG appears
inapplicable to CNLSE.

© Ad hoc model for decoupling polarization from trajectories has the
correct phenomenology.

@ What we have yet to do:
© Test the ad hoc model further to establish its utility.

@ Include effects of phase ¢, 4 within coarse-grain description.

© Explore parameter space of CNLSE, classify all types of
polarization dynamics.
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