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laccolith: an earthen dome created by magma flow
(see, also, Michaut J. Geophys. Res.: Solid Earth, 2011; Bunger & Cruden, ibid)

Also:

> growth of thin silicon oxide layers for
semiconductors (see, e.g., King, SIAM J. Appl. Math., 1989),

» blister formation on skin (see, e.g., Sulzberger et al., J.
Invest. Dermatol., 1966; Juel et al., ARFM, 2018).

Sixth-order eigenfunctions APS DFD 2023 2/13


https://www.britannica.com/science/laccolith
https://en.wikipedia.org/wiki/Double_skin_milk

Introduction Elastic-plated thin films i Conclusion
o

[ Jele} [e]e]e]e)

credit: Encyclopedia Britannica
credit: Wikipedia

laccolith: an earthen dome created by magma flow

(see, also, Michaut J. Geophys. Res.: Solid Earth, 2011; Bunger & Cruden, ibid) skin on COO“”g boiled milk
Also: Features:
> growth of thin silicon oxide layers for > elastic film over fluid on confined domain,
semiconductors (see, e.g., King, SIAM J. Appl. Math., 1989), » has some bending resistance, little tensile
> blister formation on skin (see, e.g., Sulzberger et al., J. Strength-

Invest. Dermatol., 1966; Juel et al., ARFM, 2018).
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Review: Second-order BVP — Stretching sheet

tension, T'
mass per area, mg Yy

Y(-1) = p(+1)=0. A= oL

» Linearly independent set of eigenfunctions is: ‘ ‘

20
{60 =0, A = mm.
0%u 0%*u
» {4} form a complete orthonormal set, so Ms—s =T o5 =0,
m ot ox
u(z) = Z ul, s (x), w(—0) = u(+£) = 0.
m=1

for any u € L*[—1,+1].
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Review: Fourth-order BVP — Bending sheet

d4’(/) 4 flexural rigidity, B
+d 1 = X\, mass per area, 1 Y
N R e e
+1 = 0.
vy = |
» Two linearly independent sets of eigenfunctions: 90

1 [sinh(Aj,@)  sin(A, a:)}
s (@) = — m th A3, — cot A%, = 0
V(@) V2 [ sinh(\$,) sin(As,) Ot Am = COFAm ’

1 [cosh(Af,x)  cos(Af,x )}
c - , tanhAj, +tan Ay, =0
Vi (@) V2 [cosh()\ ) cos(AS,) anh Am + a0 A,
‘ ou
> {ys <} form a complete orthonormal set, so u(£l) = o =0
0o ‘lo==2/4
u(@) = Y ub i, (@) + uh i, (@),
m=1

(Papanicolaou et al., IJNMF, 2009; Chandrasekhar, Hydrodynamic and Hydromagnetic Instability, 1961; Lord Rayleigh, Theory of Sound, 1877)
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Problem statement: confined elastic-plated thin-film dynamics

elastic sheet : T\, B

viscous fluid : puy, ps

h(z,t) ho
20 ‘
pyp + fluid's dynamic viscosity [Pas] T : interface's elastic tension [N m~—!]
ps : fluid's density [kg m—3] B : interface’s elastic bending rigidity [Pam?]
h(z,t) : (total) height [m] ho : flat state [m]
u(z,t) : dimensionless displacement from the 2¢ :  width of trough [m]

flat state, h(z,t) = ho[l + u(x, )]
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Lubrication model

» For a slender film, h < ¢, neglecting body forces:

— t 0 ——
[[L’ momen UIII] ; +

(9p

— t . 0~ ——

[y momen Ulll] y,

8%v,

TR

v (2,0,t) = vy (x, h,t) =0,

(see also, Oron et al., Rev. Mod. Phys., 1997; Hosoi & Mahadevan, PRL, 2004; Leal, Advanced Transport Phenomena, 2007)
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0@00

Lubrication model

» For a slender film, h < ¢, neglecting body forces:

. N Op 027).,
[# — momentum] : 0~ e +pr By?
dp
— momentum)] : O~ ——,
ly um] dy’

1 0
= 0@,y t) ~ —— oy [h(x, ) — Y],

(see also, Oron et al., Rev. Mod. Phys., 1997; Hosoi & Mahadevan, PRL, 2004; Leal, Advanced Transport Phenomena, 2007)
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0@00

Lubrication model

» For a slender film, h < ¢, neglecting body forces:
@ 027).’1:

[ — momentum] : 0~ e + py o Ve (2,0,t) = v (z, h,t) =0
dp
[y — momentum] : ~ -,
dy
1 dp
= Uz(wayat)’“_%g [h’( 7t)_y]7
o oh 9 [ o [ 1 op
[continuity] : i —%/0 vy dy o [12uf %]

(see also, Oron et al., Rev. Mod. Phys., 1997; Hosoi & Mahadevan, PRL, 2004; Leal, Advanced Transport Phenomena, 2007)
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0@00

Lubrication model

» For a slender film, h < ¢, neglecting body forces:

op 0%,
T — t : N —— } - e (,0,t) = v (x, h,t) =0,
[ — momentum|] 0 9 + g 52 Ve (2,0,t) = vy (2, h,t) =0

op
[y — momentum] : 0~ ——,

dy

1 0Op
= vg(z,y,t) = *m%y[h(r,f) -yl
- oh o [h=h o [ W3 ap

[contanIty] : E = —%/0 Vg dy = 6_{12 |:12'uf %] s
) 0%h 0*h
[interface] : = p(x,t) = py — 902 B@

in-plane elastic tension  out-of-plane bending

(see also, Oron et al., Rev. Mod. Phys., 1997; Hosoi & Mahadevan, PRL, 2004; Leal, Advanced Transport Phenomena, 2007)
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Governing partial differential equation
» Eliminating p, the lubrication model is a single nonlinear PDE for h(x,t):

oh 0 h3 O3h o°h
{ Tos T B@] } :

at 9z | 12up

» Making dimensionless, we introduce.

T tension force

7= B/¢? = bending force’

» For h = ho(1 + u) with u < 1, linearize to obtain the governing PDE:

ou *u 0%

ErAr e
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The sixth-order IBVP for the elastic-plated thin film

1= Non-pinned film in a closed trough, without tension (7 = 0)

» We consider symmetric domains = same BCs at x = +1.

® Nonwetting film (contact angle at the wall is 90°) = Ju/dz = 0.
* Point forces at the ends provided by wall = §%u/dx? =0 and 93u/dz> # 0.

® And 9u/dx° = 0 to ensure flux ¢ :%— % =0.
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The sixth-order IBVP for the elastic-plated thin film

== Non-pinned film in a closed trough, without tension (.7 = 0)
» We consider symmetric domains = same BCs at x = +1.

® Nonwetting film (contact angle at the wall is 90°) = Ju/dz = 0.
* Point forces at the ends provided by wall = §%u/dx? =0 and 93u/dz> # 0.

® And 9u/dx° = 0 to ensure flux ¢ :%— % =0.

Conclusion
o]

= Initial boundary value problem (IBVP) for u = u(z,t)

ou 0%
ot o280 (@,1) € (=1, 1)x € (0, 00),
oz S - oxr2 S - o1 S = 03 t e (0,00),

u(x,0) = u’(z), z € (-1,1).
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The associated sixth-order Sturm—Liouville EVP

d% g
@ Y
aw| @ @
dz ===l B da? ap==ell B da® ==l -

> For these 3 BCs (out of 8 possible triplets), we can prove the EVP is self-adjoint.
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The associated sixth-order Sturm—Liouville EVP

- = 6
ws
aw| @ @
dz ===l ; da? ap==ell B da® ==l -

» For these 3 BCs (out of 8 possible triplets), we can prove the EVP is self-adjoint.

Theorem (Coddington & Levinson, Thm. 2.1)

A self-adjoint EVP has a real, enumerable set of eigenvalues with corresponding distinct and
mutually-orthogonal eigenfunctions.

Proposition (Direct application of Coddington & Levinson, Thm. 4.2)

Solutions of this Sturm-Liouville EVP, supplemented by ¥g = 1, form a complete orthonormal set.

v

(see also general discussion of sixth- and higher-order EVPs by Greenberg & Marletta, SIAM J. Numer. Anal., 1998)
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°

The eigenfunctions can be explicitly constructed!
7

4
T

ya)
o

o

-1.0

(a) Even eigenfunctions

c

c0s 2XS, 4 V3sin XS, sinh V3 XS, — cos A%, cosh V3 AS, = 0,

4cos A3,

S .8
(@) = cm{cos Noptcosh (V3 A3,)

V3

_ .c 4sin Ay, P AL
m(z)—cm{m[—cos%smh 5 sin

c
C
g sinh

s s
[ — cos )‘Tm cosh % sin

I

3§ 3 3 383
1]

A WO = O

A

A
2

$in2A3, + V3 cos A3, sinh V3 A2, + sin A2, cosh V3 A3, = 0,

Sixth-order eigenfunctions

V32,

X cos %z cosh
A, ~ (m+1/6)7,

s s
=y cosh %I + sin

(b) Odd eigenfunctions

A

m — 003

m — 00.

‘/52)‘%1 z] + cos )\fnz},

s s s
VB cos )‘Tmz sinh %Z] + sin()\fnz)},
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Model problem — Method of manufactured solution

([ df d?
d;g + 5544 199584 u = b (),
du B d?u

do|,_yqy  da? .

B d®u

~ 3.5
4 dx

= 0,
r==+1

rhs(x) = 199 58422 — 46569620 + 574 560" — 50 198422 + 147 456.

> rhs is ‘rigged’ to produce the even exact solution Uexact(7) = (2 — 1)%(x + 1)S.
> Galerkin expansion: u & Uspectral () = Suo§(z) + Sonl upS(z)  (no need for 1%).
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Model problem — Method of manufactured solution

([ dSu d%u
~ 6 + 5544@ + 199584 u = rhs(x),
du _ d%u

do|,_yqy  da? .

B d®u

“@w| 0

r==+1

==+1

rhs(z) = 199 58421% — 465 6962 + 574 56021 — 50 198422 4 147 456.

> rhs is ‘rigged’ to produce the even exact solution Uexact(7) = (2 — 1)%(x + 1)S.
> Galerkin expansion: u & Uspectral () = Suo§(z) + Sonl upS(z)  (no need for 1%).
® Need to solve a linear system for the coefficients
S L(AE)88 i + 5544, + 1995848 Yty = | ths(o)id () ey, m=1,..., M,
matrix is full because of g¢,, = jll dj;/’z’cl <
inverted; uy = 2048/3003.
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Model problem — Numerical results

1l 3 ] |Uspectral(X) — Uexact(X)]
0.001 ¢ 4.x1073}
-6
10 o |1y 3.x1073}
-9
0 — fit 2,103
10-12
-13[
10-15L ne ™ 1.x10
1 5 10 50 100
n -1.0
(a) (b)

Figure: (a) Convergence rate of Uspectral's coefficients for the model problem; decay rate fit is 259179
(algebraic). (b) Error of uspectrat (M = 100 terms).
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Summary

» Explicitly constructed complete orthonormal set of sixth-order
eigenfunctions for problems elastic-plated thin-film flows.

» Demonstrated these eigenfunctions lead to highly accurate
Galerkin expansions.
* Also found exact formula for ¢ and ¥(*) in the basis.

> Next steps: construct Green's function & bring back external
force(s), self-similar intermediate asymptotics?
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Summary

» Explicitly constructed complete orthonormal set of sixth-order
eigenfunctions for problems elastic-plated thin-film flows.

» Demonstrated these eigenfunctions lead to highly accurate
Galerkin expansions.

* Also found exact formula for ¢ and ¥(*) in the basis.

> Next steps: construct Green's function & bring back external
force(s), self-similar intermediate asymptotics?

» Read our preprint at arXiv:2308.00673.

Thank you for your attention!
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