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A granular diffusion paradox Resolution via intermediate asymptotics Conclusion

Diffusion of a “granular pulse” in a tumbler
A band of colored particles in a monodisperse granular mixture
diffuses axially as the container is rotated.
(Lacey, J. Appl. Chem. 1954; Carley-Macauly & Donald, Chem. Eng. Sci. 1962)

Many regimes of flow in a tumbler...restrict to continuous flow.

Thin surface shear layer ⇒ velocity fluctuations ⇒ lateral diffusion.
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(Khan et al., New J. Phys. 2011)
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A granular diffusion paradox Resolution via intermediate asymptotics Conclusion

Anomalous macroscopic vs. normal microscopic scalings
Experimental concentration profiles of an axially diffusing pulse of
dyed black salt grains in white salt grains: (Khan & Morris, Phys. Rev. Lett. 2005)

profiles in Fig. 2(a), where the axial length scale was
transformed as x ! xt!! and the axial concentration of
small grains C"x; t# was transformed as C ! Ct!. The
pulse width increases at the same rate as the pulse ampli-
tude decreases; thus the spreading process is self-similar.
This implies that the integrated concentration is constant
and that no grains are lost from the core. The average
collapse parameter for large salt grains and small sand
grains with a drum rotation rate of 0:62 rev=s is ! $
0:37% 0:03, averaged over ten runs. Similar experiments
were repeated for different combinations of grains at two
drum rotation rates. The results are shown in Table I. We
conclude that cores of small grains spread axially as t!

where !& 1=3< 1=2, independent of grain type and drum
rotation rate within the smoothly streaming regime.

It is interesting to compare the spreading of radially
segregated cores of small grains with the nonsegregating
self-diffusion of the large grains alone. To observe this
experimentally, some of the large grains were dyed black.
These dyed grains were loaded into a drum full of other-
wise identical white grains with a 1.5 mm wide pulse as the
initial condition. The space-time evolution was observed
using standard surface-lighting and imaging techniques
[10,11]. Figure 3(a) shows the concentration profile of
dyed salt particles at various times. These data were col-
lapsed in a similar way as discussed previously, as shown
in Fig. 3(b). Again, we find a collapse parameter !< 1=2.
For runs using salt grains, ! $ 0:29% 0:01, and for runs
using glass spheres, ! $ 0:34% 0:04, each averaged over
five runs. Thus, we conclude that the self-diffusion of
grains in the rotating drum is also subdiffusive, even
when no segregation is involved. We discuss some differ-
ences between these two cases below.

In addition to examining the temporal scaling of the
pulse, we can also measure in detail the functional shape
of the scaling solution. Here it is possible to distinguish
between different subdiffusive processes. We have inves-
tigated two candidate models for radial core spreading: the
fractional diffusion equation (FDE) and the porous me-
dium equation (PME). The fractional diffusion equation is
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where " $ 2! denotes the order of a fractional time de-
rivative [28,29]. Solutions of this linear equation have the
property that the width of a narrow pulse initial condition
grows as t!, where ! ' 1=2. If ! $ 1=2, the solution
reduces to normal Fick diffusion. This FDE model is often
used to describe processes which occur in spaces where
there are temporal or spatial constraints, such as the flow of
tracers through porous media [30]. The FDE has an ana-
lytic series solution in terms of Fox’s H-functions [28,29],
which forms the self-similar scaling solution. We also
examined the PME,
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This nonlinear model describes the spreading of a compact
mound and has the property that for a narrow pulse initial
condition, the width grows as t1=3, and the scaling solution
has a parabolic profile [31].

We fit radial core concentration data collapsed with ! as
a free parameter to the series solution of the FDE, and data
collapsed with ! $ 1=3 to a numerical solution of the
PME, as shown in Figs. 4(a) and 4(b), respectively. We
find that while both solutions model the collapsed concen-
tration profiles reasonably well within experimental error,
the PME has a smaller systematic discrepancy, since the
profiles are better described as parabolic. The FDE solution
has exponential wings and inflection points that are not
obvious in the data. We note, however, that our projection
visualization technique may simply be too insensitive to
detect these tails.

We also fit the nonsegregating self-diffusion of the large
grains to both models and find that the FDE gives a
qualitatively better fit because in this case, the concentra-
tion profiles have tails within experimental resolution,
while the parabolic PME solution does not. Examples of

FIG. 3 (color online). (a) Concentration profiles of a mixing
pulse of dyed black salt grains surrounded by white salt grains.
(b) Collapsed concentration profiles corresponding to (a). The
collapse parameter is ! $ 0:3.

TABLE I. Collapse parameters for the self-similar spreading
of radial cores in various grain types and rotation frequencies.

Large grains
300–420 #m

Small grains
177–212 #m

Rotation rate
(rev=s)

!

Salt Sand 0.31 0:38% 0:03
Salt Sand 0.62 0:37% 0:03
Glass Bronze 0.31 0:31% 0:04
Glass Bronze 0.62 0:29% 0:01
Glass Sand 0.31 0:35% 0:03
Glass * * * 0.31 0:34% 0:04
Salt * * * 0.31 0:29% 0:01
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Mean square displacement (from simulations) vs time for a bed
containing 25% small particles by volume: (Third et al., Phys. Rev. E 2011)

J. R. THIRD, D. M. SCOTT, AND C. R. MÜLLER PHYSICAL REVIEW E 84, 041301 (2011)

homogeneous beds of both 2.2- and 1-mm particles are again
shown.

Consider first slices C, D, and E, which contain only large
particles and are located progressively farther from the initial
interface between the two particle types, with slice C closest
to the interface and slice E farthest from it. There is good
agreement between the mean square deviation of the particles
initially located in slice E and that of a homogenous bed of
large particles. This indicates that far from the interface the
bed behaves as a homogeneous bed of large particles. For slice
C the mean square deviation follows that of a homogeneous
bed of large particles for approximately 1 s but for larger t
the dispersion is smaller than that of the homogeneous case.
It is thought that this deviation is due to the presence of small
particles that reduce the dispersion of the large particles. The
mean square deviation of slice D shows similar behavior to
slice C in that it initially follows the dispersion expected for a
homogeneous bed, but it disperses less than the homogeneous
case at larger values of t . For slice D the deviation from
the homogeneous case occurs later than for slice C, at about
5 s, and for later times the deviation from the homogeneous
case is less pronounced. This is consistent with the deviation
from homogeneous behavior being caused by interactions with
small particles because particles initially located in slice D will
take longer to come into contact with small particles than those
in slice C and will experience a lower concentration of small
particles than particles initially in slice C.

Slices A and B, which contain only small particles, show
that the dispersion of small particles is also affected by the
interface with the large particles. For slice B, located at
the interface between the two particle sizes, the dispersion
is significantly larger than that of a homogeneous bed of
1-mm particles for all times. Furthermore, the gradient of
the mean square deviation increases with time. It is thought
that this is due to the increase in the concentration of large
particles experienced by the particles in this slice as time
increases. Slice A is located at the center of the pulse of 1-mm
particles and initially follows the dispersion expected for a
homogeneous bed of 1-mm particles. However, at larger times
the concentration of large particles experienced by slice A will
increase, causing an increase in the axial dispersion of this
pulse.

The results presented above suggest that the axial transport
within this system is concentration dependent such that
dispersion of the small particles is increased in the presence
of large particles and the dispersion of the large particles
is reduced in the presence of small particles. To investigate
further the influence of composition on axial dispersion within
bidisperse systems, simulations of systems which are initially
well mixed have been performed.

In this work axial transport within initially mixed systems is
quantified by calculating the mean square deviation of particles
within a 150-mm slice centered on the midpoint of the cylinder.
The mean square deviation in the axial position of this group
of particles is calculated every 0.02 s for 20 s. After 20 s a
new central slice is selected and the process is repeated. The
mean square deviations calculated using this procedure have
been found to be independent of the length of the central slice
used in the calculation. This indicates that the axial motion of
the particles within this slice is not affected by the cylinder

end caps. In the following the mean square deviations of the
1- and 2.2-mm particles within the slice of particles being
considered are calculated separately. Note that, although a
higher concentration of small particles was observed close
to the end caps, none of the systems studied here underwent
axial segregation in the central region in which measurements
were made. Furthermore, the number of each type of particle
within this region remained approximately constant once the
bed reached steady state.

Figure 5(a) shows the mean square deviation against time
for the 1-mm particles within a bed containing 25% 1-mm
particles by volume. The eight lines on the graph represent
slices of particles selected at different times and the times
shown in the legend indicate the value of t when the slice of
particles was selected. These data indicate that, following an
initial transient, a steady state is reached in which the mean
square deviation of the small particles increases linearly with
time. This suggests that, after the initial transient, dispersion
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FIG. 5. Mean square deviation vs time for a bed containing 25%
small particles by volume. Times given in the legend indicate the
value of t at which z(0) was evaluated. Mean square deviation of
the (a) small and (b) large particles. The cylinder has a diameter of
48 mm, a length of 240 mm, and is rotated at 30 rpm. The fill level is
approximately 48%.
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used in the calculation. This indicates that the axial motion of
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for the 1-mm particles within a bed containing 25% 1-mm
particles by volume. The eight lines on the graph represent
slices of particles selected at different times and the times
shown in the legend indicate the value of t when the slice of
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value of t at which z(0) was evaluated. Mean square deviation of
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Intermediate asymptotics of diffusion

Consider the (dimensionless) diffusion equation

∂C

∂T
=

∂

∂Z

(
D(C ,Z , · · · )∂C

∂Z

)
with no flux BCs, ∂C

∂Z

∣∣
Z=±1

= 0, and given IC, C (Z , 0) = Ci (Z ).

D = 1: random walk with 〈(∆Z )2〉 ∝ t. (Einstein, Ann. Phys. 1905)

I C -dependent jump probability leads to D(C ). (Boon & Lutsko, EPL 2007)

Similarity solution (D = 1) of the form C (Z ,T ) = T−1/2C(ZT−1/2).

initial condition intermediate asymptotics steady state

(Barenblatt, Scaling, Self-similarity, and Intermediate Asymptotics, 1996)
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Optimal self-similar solution

Solutions for arbitrary initial data can be well-approximated (for
D = 1 and T > T ∗) by the point-source similarity solution

C (Z ,T ) =
1√

4π(T + T ∗)
exp

{
− (Z + Z ∗)2

4(T + T ∗)

}
provided that

Z ∗ = −M1

M0
, T ∗ =

1

2

[
M2

M0
−
(
M1

M0

)2
]
,

and Mk :=
∫ +∞
−∞ Ci (Z )Z k dZ .

(Zel’dovich & Barenblatt, Dokl. Akad. Nauk. SSSR 1958)

Note: Z ∗ = 0 in this talk (z-symmetric step function IC only).
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Time-dependent anomalous collapse exponents

Data collapses under rescaling C (Z ,T )→ C (Z/Tα,T )Tα

⇒ we are balancing Tα with
√
T + T ∗, meaning

α(T ) ' ln(T + T ∗)

2 lnT
=


1

lnT

[
lnT ∗ + T

2T∗ +O(T 2)
]
, T → 0,

1
2 + 1

lnT

[
T∗

2T +O(T−2)
]
, T →∞.

10-8 10-6 10-4 T

0.2

0.3

0.4

0.5
a for pulse of width 2ℓ

= 6 10-1

= 6 10-1.5

= 6 10-2

= 6 10-2.5

= 6 10-3

= 6 10-3.5

10-2
−4 −2 0 2 4
0

0.02

0.04

0.06

0.08

Z T −α

C
 T

 α

α = 0.30

(a) early times

−4 −2 0 2 4
0

0.01

0.02

0.03

0.04

Z T −α

C
 T

 α

α = 0.43

(b) late times

(Christov & Stone, Proc. Natl Acad. Sci. USA 2012)
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Concentration-dependent diffusivity in bidisperse mixtures
Suppose C is the concentration of larger particles, then
D(C ) = 1 + (C − 1/2). (reinterpretation of Ristow & Nakagawa, Phys. Rev. E 1999)

Seeking a self-similar solution C (Z ,T ) = T−αC(ζ) with ζ = T−αZ :

0 = C + ζC′ +
(2∓ 1)

2α
T 1−2αC′′︸ ︷︷ ︸
1○

+
1

2α
T 1−3α

(
C2
)′′︸ ︷︷ ︸

2○

.

If α = 1/3, then T 1−2α = T 1/3 � 1 for T � 1.

If α = 1/2, then T 1−3α = T−1/2 � 1 for T � 1.
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Summary
What we have done:

I Everyone can be right! (Proposed a resolution to the granular diffusion
“paradox.”)

I Analytical foundations for anomalous exponents in Fickian diffusion.

What we haven’t done:
I Find an asymptotic solution matching across both scaling regimes in

the nonlinear case?

I Take into account the disparate flow regimes (thin shear layer on top of
bulk in solid body rotation)?

Thank you for your attention!

Resolving a paradox of anomalous scalings
in the diffusion of granular materials
Ivan C. Christov1 and Howard A. Stone

Department of Mechanical and Aerospace Engineering, Princeton University, Princeton, NJ 08544

Edited by* Grigory Isaakovich Barenblatt, University of California, Berkeley, Berkeley, CA, and approved August 21, 2012 (received for review July 10, 2012)

Granular materials do not perform Brownian motion, yet diffusion
can be observed in such systems when agitation causes inelastic
collisions between particles. It has been suggested that axial diffu-
sion of granular matter in a rotating drum might be “anomalous”
in the sense that the mean squared displacement of particles
follows a power law in time with exponent less than unity. Further
numerical and experimental studies have been unable to defini-
tively confirm or disprove this observation. We show two possible
resolutions to this apparent paradoxwithout the need to appeal to
anomalous diffusion. First, we consider the evolution of arbitrary
(non-point-source) initial data towards the self-similar intermediate
asymptotics of diffusion by deriving an analytical expression for the
instantaneous collapse exponent of the macroscopic concentration
profiles. Second, we account for the concentration-dependent diffu-
sivity in bidisperse mixtures, and we give an asymptotic argument
for the self-similar behavior of such a diffusion process, for which
an exact self-similar analytical solution does not exist. The theore-
tical arguments are verified through numerical simulations of the
governing partial differential equations, showing that concentra-
tion-dependent diffusivity leads to two intermediate asymptotic
regimes: one with an anomalous scaling that matches the experi-
mental observations for naturally polydisperse granular materials,
and another with a “normal” diffusive scaling (consistent with a
“normal” random walk) at even longer times.

transport processes ∣ granular flow

Granular materials are processed, mixed, separated, or other-
wise manipulated for the purposes of a wide array of indus-

tries: agriculture, ceramics, chemicals, energy, manufacturing,
minerals and ores, pharmaceuticals, and metallurgy, to name a
few. It is estimated that the processing of particulate materials
accounts for 10% of all the energy consumed on the planet (1).
Despite the practical implications, the dynamics of flowing gran-
ular materials are poorly understood because they constitute a
complex system away from equilibrium and so are capable of both
chaotic dynamics and self organization (2). Sciencemagazine lists
the physics of granular matter as one of 125 unanswered ques-
tions in science at the beginning of the 21st century (3). When it
comes to powder mixing processes in which segregation is not
significant, diffusion is one of the fundamental mechanisms that
achieves homogenization (4). Though granular materials consist
of macroscopic particles that do not perform thermally driven
Brownian motion, self and collective diffusion in the flow of
groups of particles can arise from agitation processes that lead
to nonequilibrium velocity fluctuations (5–9).

In particular, granular flow in a long rotating horizontal drum
has proven to be a simple but important system to understand
(10). Recently, it has been suggested that axial diffusion in this
system is anomalous (11). Here, “anomalous diffusion” refers to
a class of transport phenomena in which the mean squared dis-
placement of particles follows a power law in time with exponent
different from unity. A common mathematical approach to such
processes is the framework of fractional partial differential equa-
tions that feature noninteger order derivatives (12). In the last
decade, anomalous diffusion has been observed or suggested to
be present in phenomena as diverse as tracer motion in chaotic

laminar flows (13), drainage of particulates from a silo (14), pro-
tein and chromosome transport through cellular membranes (15,
16), shaken granular media (17), motion of colloids in entangled
actin networks (18), flow through disordered porous media (19)
and across human transportation networks (20). Here, we focus
on an apparent paradox of anomalous diffusion in agitated gran-
ular materials, and propose an explanation for the experimental
observations without resorting to the framework of fractional
partial differential equations.

The mean squared displacement of a tracer particle is one of
the most reliable diagnostics for anomalous transport (21), though
it has been argued that even more fundamental measures are re-
quired to distinguish anomalous diffusion from other physical
processes (22). In the case of axial diffusion of grains in a tumbler
(11), due to the opaque nature of the granular materials, measur-
ing individual particle trajectories is a difficult task, which only re-
cently was achieved using high-intensity synchrotron x-rays (23).
Thus, in the rotating horizontal drum in (11), the cross-sectionally
averaged concentration profile of dyed grains was instead mea-
sured by an optical projection technique, and the assessment of
the diffusion process was made on the basis of the macroscopic
theory by collapsing the axial concentration profiles c!z; t" at dif-
ferent times t.

As early as 1954 it was proposed (24) that the concentration
profiles of axially diffusing granular materials in a tumbler can
be modeled by Fick’s laws, the first of which states, in one dimen-
sion, that the particle flux q is proportional to the gradient of
concentration of particles (25), specifically q # −D∂c∕∂z, where
z is the axial coordinate, and D is the diffusivity, which can, in
principle, depend on c and/or z. Conservation of mass, ∂c∕∂t$
∂q∕∂z # 0, then leads to the diffusion equation

∂c
∂t

# ∂
∂z

!
D!c;…" ∂c

∂z

"
; [1]

which can also be derived as the continuum description of point
particles undergoing a random walk with mean squared axial
displacement h!Δz"2i ∝ Dt (26, 27). For decades this macro-
scopic approach has been the accepted engineering model for
granular diffusion (28–30). Moreover, Barenblatt’s intermediate
asymptotics theory (31) indicates that solutions to Eq. 1 for arbi-
trary initial conditions under the requirement that ∫ c!z; t"dz is
constant will eventually converge to the self-similar regime in
which c!z; t" ≃ C!z∕t!"t−! for some invariant profile C!·" and
collapse exponent !; in the linear case with D constant,
! # 1∕2.
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Granular materials do not perform Brownian motion, yet diffusion
can be observed in such systems when agitation causes inelastic
collisions between particles. It has been suggested that axial diffu-
sion of granular matter in a rotating drum might be “anomalous”
in the sense that the mean squared displacement of particles
follows a power law in time with exponent less than unity. Further
numerical and experimental studies have been unable to defini-
tively confirm or disprove this observation. We show two possible
resolutions to this apparent paradoxwithout the need to appeal to
anomalous diffusion. First, we consider the evolution of arbitrary
(non-point-source) initial data towards the self-similar intermediate
asymptotics of diffusion by deriving an analytical expression for the
instantaneous collapse exponent of the macroscopic concentration
profiles. Second, we account for the concentration-dependent diffu-
sivity in bidisperse mixtures, and we give an asymptotic argument
for the self-similar behavior of such a diffusion process, for which
an exact self-similar analytical solution does not exist. The theore-
tical arguments are verified through numerical simulations of the
governing partial differential equations, showing that concentra-
tion-dependent diffusivity leads to two intermediate asymptotic
regimes: one with an anomalous scaling that matches the experi-
mental observations for naturally polydisperse granular materials,
and another with a “normal” diffusive scaling (consistent with a
“normal” random walk) at even longer times.

transport processes ∣ granular flow

Granular materials are processed, mixed, separated, or other-
wise manipulated for the purposes of a wide array of indus-

tries: agriculture, ceramics, chemicals, energy, manufacturing,
minerals and ores, pharmaceuticals, and metallurgy, to name a
few. It is estimated that the processing of particulate materials
accounts for 10% of all the energy consumed on the planet (1).
Despite the practical implications, the dynamics of flowing gran-
ular materials are poorly understood because they constitute a
complex system away from equilibrium and so are capable of both
chaotic dynamics and self organization (2). Sciencemagazine lists
the physics of granular matter as one of 125 unanswered ques-
tions in science at the beginning of the 21st century (3). When it
comes to powder mixing processes in which segregation is not
significant, diffusion is one of the fundamental mechanisms that
achieves homogenization (4). Though granular materials consist
of macroscopic particles that do not perform thermally driven
Brownian motion, self and collective diffusion in the flow of
groups of particles can arise from agitation processes that lead
to nonequilibrium velocity fluctuations (5–9).

In particular, granular flow in a long rotating horizontal drum
has proven to be a simple but important system to understand
(10). Recently, it has been suggested that axial diffusion in this
system is anomalous (11). Here, “anomalous diffusion” refers to
a class of transport phenomena in which the mean squared dis-
placement of particles follows a power law in time with exponent
different from unity. A common mathematical approach to such
processes is the framework of fractional partial differential equa-
tions that feature noninteger order derivatives (12). In the last
decade, anomalous diffusion has been observed or suggested to
be present in phenomena as diverse as tracer motion in chaotic

laminar flows (13), drainage of particulates from a silo (14), pro-
tein and chromosome transport through cellular membranes (15,
16), shaken granular media (17), motion of colloids in entangled
actin networks (18), flow through disordered porous media (19)
and across human transportation networks (20). Here, we focus
on an apparent paradox of anomalous diffusion in agitated gran-
ular materials, and propose an explanation for the experimental
observations without resorting to the framework of fractional
partial differential equations.

The mean squared displacement of a tracer particle is one of
the most reliable diagnostics for anomalous transport (21), though
it has been argued that even more fundamental measures are re-
quired to distinguish anomalous diffusion from other physical
processes (22). In the case of axial diffusion of grains in a tumbler
(11), due to the opaque nature of the granular materials, measur-
ing individual particle trajectories is a difficult task, which only re-
cently was achieved using high-intensity synchrotron x-rays (23).
Thus, in the rotating horizontal drum in (11), the cross-sectionally
averaged concentration profile of dyed grains was instead mea-
sured by an optical projection technique, and the assessment of
the diffusion process was made on the basis of the macroscopic
theory by collapsing the axial concentration profiles c!z; t" at dif-
ferent times t.

As early as 1954 it was proposed (24) that the concentration
profiles of axially diffusing granular materials in a tumbler can
be modeled by Fick’s laws, the first of which states, in one dimen-
sion, that the particle flux q is proportional to the gradient of
concentration of particles (25), specifically q # −D∂c∕∂z, where
z is the axial coordinate, and D is the diffusivity, which can, in
principle, depend on c and/or z. Conservation of mass, ∂c∕∂t$
∂q∕∂z # 0, then leads to the diffusion equation

∂c
∂t

# ∂
∂z

!
D!c;…" ∂c

∂z

"
; [1]

which can also be derived as the continuum description of point
particles undergoing a random walk with mean squared axial
displacement h!Δz"2i ∝ Dt (26, 27). For decades this macro-
scopic approach has been the accepted engineering model for
granular diffusion (28–30). Moreover, Barenblatt’s intermediate
asymptotics theory (31) indicates that solutions to Eq. 1 for arbi-
trary initial conditions under the requirement that ∫ c!z; t"dz is
constant will eventually converge to the self-similar regime in
which c!z; t" ≃ C!z∕t!"t−! for some invariant profile C!·" and
collapse exponent !; in the linear case with D constant,
! # 1∕2.

Author contributions: I.C.C. and H.A.S. designed research; I.C.C. performed research;
I.C.C. and H.A.S. analyzed data; and I.C.C. and H.A.S. wrote the paper.

The authors declare no conflict of interest.

*This Direct Submission article had a prearranged editor.
1To whom correspondence should be addressed. E-mail: christov@alum.mit.edu.

This article contains supporting information online at www.pnas.org/lookup/suppl/
doi:10.1073/pnas.1211110109/-/DCSupplemental.

www.pnas.org/cgi/doi/10.1073/pnas.1211110109 PNAS Early Edition ∣ 1 of 6

A
PP

LI
ED

M
AT

H
EM

AT
IC
S

Christov & Stone (PU) Granular Diffusion DFD 2012 8 / 8

http://www.princeton.edu/mae

